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Continuous analytical elasticity solutions for
arbitrary cross-sections and combined loads

Thad S. Morton

A geometrically exact formulation of three-dimensional elasticity is presented in
which coupled translational and rotational deformation is represented within a
special Euclidean group SE(3) configuration field defined over the material body.
Each material point is represented as an element of SE(3), and the continuum is
described by a smooth configuration map whose local strain is obtained via the left-
trivialized Maurer—Cartan form. This yields a Lie-algebra-valued strain field capable
of describing coupled rotational and translational deformation modes in a unified
manner. The configuration is defined by a first-order SE(3) evolution equation
whose solution is equivalently represented by a path-ordered exponential of the
strain field, providing exact nonlinear reconstruction of the deformed geometry.
Constitutive response is formulated directly on the SE(3) strain space using only the
material parameters Young’s modulus E and shear modulus G. All classical sectional
stiffness measures, such as axial stiffness FA, bending stiffness FJ, and torsional
stiffness GJ, arise as geometric moment invariants of the cross-section under the
SE(3)-induced strain field rather than by being introduced as constitutive inputs. A
unified force-moment resultant (wrench) is obtained as the dual of an affine strain
measure, providing a direct analytical relation between stress fields without explicit
use of moment arms. Classical beam and rod theories, including torsion, bending,
axial deformation, and Saint-Venant warping, are recovered as special cases of the
general SE(3) formulation. For noncircular cross-sections, warping arises naturally
from compatibility conditions expressed in differential form on the SE(3) strain field.
The formulation identifies the centroid as the natural reference point for the affine
strain measure, eliminating first-moment coupling terms and providing a canonical
gauge for the cross-sectional representation.

1. Background

1.1. Elasticity Formulations

Elasticity formulations can be broadly grouped into four distinct approaches. The first,
classical Cauchy elasticity, describes deformation through displacement gradients, leading to
linear theories for small strains (see, e.g., Gere and Timoshenko 1990) and nonlinear finite-
deformation models based on tensors such as Green-Lagrange strain. Classical elasticity
defines strain first and constructs motion afterwards. Rotation is not treated as an
independent geometric variable but is instead uncovered indirectly through the displacement
gradient and extracted via antisymmetric or polar components of the deformation tensor. So
rotation is not independent; it is derived from spatial gradients of displacement. This is
limiting, for example, when a material particle undergoes pure rotation or little or no
translation (Bower 2010, Chapter 3). So it becomes awkward for finite rotations (Antman
2005), rod/shell theories, soft robotics, and independent spin structures (Eringen 1999).
These traditional formulations of elasticity and beam theory rely on small-strain
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approximations and linearized rotational kinematics, so while effective for certain problems,
they are limited when dealing with bodies undergoing large deformations.
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curvature-twist tensor / matrix representation of the Darboux vector

Darboux vector (“vectorized” curvature matrix) [1/m)]

moment applied as an external boundary condition [N-m] (53)
moment flux [N/m] (54)

current point obtained from reference point r by deformation. (4), (149)
wrench: moment [N-m] or force [N] (42)

torsional rotation angle / orientation [radians]

accumulated curvature matrix / angle matrix [dimensionless]
rotation matrix (operator) [radians] (29)

position of the reference point [m]

position of a point relative to a section centroid [m] (35)
stress [Pa] (50)

translational part of the integrated local strain [m] (31)
physical strain [m] (150)

strain energy density [Pa] (39)

total deformation map [m/m  m] (3)

exact local strain gradient [1/m  m/m] (20)
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A second class of elasticity formulation comprises Cosserat and micropolar continua,
where independent rotational degrees of freedom are introduced alongside translations
(Cosserat & Cosserat 1909; Eringen 1999). Cosserat rod theory (sometimes called
Kirchhoff/Cosserat rod theory) was developed so that large deformations and large rotations
can be represented. Strain measures combine displacement gradients with microrotation
fields, enabling couple stresses and microstructure-dependent effects (see also Vardoulakis
(2019).

A third class, born of the practical need to compute larger deformations accurately, is
geometrically exact beam and rod theory, which represents finite rotations and avoids
linearization by using rotation tensors, quaternions, or director frames (Reissner 1973, 1981;
Simo 1985; Simo and Vu-Quoc 1986, 1991; Antman 2005). These models reduce the three-
dimensional continuum to a one-dimensional centerline r(s)€ R® with director triads
[columns of O(s) € SO(3)] and employ the forms:

©’'® and O
to retain fully nonlinear deformation. These two forms are the intrinsic rotation and
translation of each rod cross-section expressed in the moving material frame. These two

forms, if combined together into one structure, effectively become the left-trivialized
derivatives in the special Euclidean algebra se(3):

g g € 5e(3), (1)
where
® r
g = 0 1|’

which is the bridge to the fourth class of elasticity formulation.

The fourth class of elasticity formulation is geometric mechanics, which represents
configurations on Lie groups such as the special Euclidean group SE(3) with strain-like
quantities that arise from left-trivialized derivatives g 'g’ € se(3) (Marsden and Ratiu 1999).
These methods now form the basis of structure-preserving computational schemes in robotics
and multibody dynamics.

While (1) is seldom called by its name, which is the Maurer-Cartan form (Cartan 1928,
Chevalley 1946), its time-differentiated version is widely used in robotics (see, e.g., Chirikjian
and Kyatkin 2000, p. 331; Selig 2005, p. 354; Lynch and Park 2017, p. 98) for motion
tracking, where it is referred to as the velocity of the object in the instantaneous body frame
(Murray et al. 1994, p. 71) or the twist (Lynch and Park 2017). The use of SE(3) in
mechanics has evolved from robot kinematics (Denavit and Hartenberg 1955; Paul 1981)
where transformations were chained together, then to geometric control (Brockett 1990; Park
and Brockett 1994) where velocity began to be seen as an element of a Lie algebra, and then
to variational Lie-group mechanics (Marsden and Ratiu 1999) where Lie algebra variables
became primary objects. Ideas in the fields of robotics and elasticity then merged, and Lie
groups such as SE(3) were adopted into geometrically exact rod formulations where left-
trivialized derivatives g 'g’ € se(3) served as intrinsic kinematic strain measures. A
“geometrically exact” Cosserat rod model is one that represents arbitrary bending, twisting,
and extension by evolving the rod’s configuration on the Lie group SE(3) (position and
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orientation) and using directors or quaternions to parameterize cross-section orientation at
each section location to represent orientation on SO(3) exactly.

Whereas Simo and Vu-Quoc (1986) may have been the first to employ the exponential
map for finite rotation updates in geometrically exact nonlinear beam formulations, their
formulation remained centered on reconstructing finite rotations from rotation parameters. In
contrast, Sonneville et al. (2014) formulated the beam configuration directly as an SE(3)-
valued field (g(s)), defined the strain as the left-trivialized Maurer—Cartan form given in (1),
and derived the discrete equilibrium equations from an energy-based variational principle.
This Lie-group formulation yields a structure-preserving discretization that avoids shear and
membrane locking while remaining valid for large rotations and finite strains. Locking is a
situation where a numerical model becomes artificially stiffer than the actual continuum it is
trying to model, thereby causing deflections and strains to be too small, loads to be too large,
and convergence to be too slow. Sonneville et al. avoided locking because their geometry was
never flattened, and SE(3) was never linearized—strain existed in the Lie algebra exactly.
Locking is a symptom of a mismatch between the configuration and the strain, so it is
avoided by preserving the group structure during discretization. Consequently, most SE(3)
formulations do not suffer from classical locking phenomena the way that Timoshenko-type
FEM does. Subsequent numerical SE(3)-based studies of geometrically exact Cosserat rods
have simulated large bending, large torsion (Surmont and Coache 2020), buckling, looping,
and post-buckling configurations using full nonlinear forms (see, e.g., Weeger et al. 2017; Till
et al. 2019; Hante et al. 2021; Harsch et al. 2023). In these approaches, strain is defined as a
Lie-algebra-valued quantity independent of the spatial position within the cross-section, so
numerical interpolation is constructed directly on the Lie group rather than interpolating
translations and rotations separately. Xun and Tamadazte (2026) presented a Lie-group-
consistent Cosserat formulation and a discrete implementation of geometrically exact
Cosserat rods subject to torsion, bending, and shear.

The difference between the use that all of the above studies made of the Maurer-Cartan
form & = X718$X in describing strain € and the present work is that past works have worked
with a 1D rod, so their Maurer—Cartan object was pulled back to a curve. In the present
study, the Maurer—Cartan form is written fka‘ = (X_laiX)kj for multiple spatial directions 1,
S0 & 18 intended to live on a continuum domain, and the Maurer-Cartan form is elevated
from a 1D rod strain measure to a multi-directional continuum strain field satisfying the full
Maurer—Cartan compatibility equation.

Another difference with the present work is that in all the past approaches discussed,
constitutive laws were formulated in terms of locally defined strain measures such as &€, while
geometric information associated with the cross-section was introduced separately through
integration, producing quantities such as area moments and torsional constants. Strain at a
material point was defined independently of the spatial position of the point within the cross-
section. Geometry entered only after the constitutive law through post-processing integrals
that generated sectional properties.

In the present work, however, the following affine strain measure will be introduced

that embeds the cross-sectional position R directly into the strain field. This couples Lie-
algebraic deformation measures with intrinsic spatial structure at the constitutive level,
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allowing sectional geometry to emerge through the strain field itself rather than being
introduced externally. This will allow translational and rotational modes to be unified into a
single constitutive relation.

1.2. Non-locality

While the summing of moments might be viewed as more general than the summing of
forces since moments can be taken from infinitely far away so that all moment arms drop
out, leaving only a sum of forces, the moment itself is not a tensor because r xF does not
obey a point transformation. This is because, much like second spatial derivatives, which
require the use of Christoffel symbols, the moment is defined between two points, not at a
single point. Therefore, the moment and the angular momentum are not tensors. The
presence of moment arms in a formulation causes it to be non-local and therefore
immediately complicates the transformations that can be done on it.

The idea of the wrench goes back to Ball (1900) and even Caley. It is composed of a force
and a moment (M,F) and is now mentioned extensively in robotics texts (Murray et al.
1994, p. 61; Selig 2005; Lynch and Park 2017, p. 108). The trouble with the wrench is that
not only is it non-local, but it is also plagued by the fact that the force and its moment have
different units. So while the force and the moment have been unified in one sense for over a
century through screw theory (as a 1x6 vector) because basic addition and subtraction of
elements and certain other minimal operations could be done with wrenches, the full suite of
mathematics could not operate on the wrench as a whole until the work of Denavit and
Hartenberg (1955) who used the homogeneous transformation structure that later became
standard in robotics; also pivotal was the work of Paul (1981), the first ever use of the
exponential map in geometrically exact beam theory by (Simo and Vu-Quoc 1986), and the
rigorous derivation of the SE(3) exponential map by Park and Brockett (1994). In Cosserat
rod theory, the wrench is now unified kinematically and statically, but not constitutively.
The wrench is (M,F) € se(3), but when it is related to strain, its force and moment are
always treated separately. The force part is governed by FA or GA (where E is Young’s
modulus; A is area; and G is the shear modulus), and the moment part is governed by EI or
GJ (where I and J are the moment of inertia and polar moment of inertia). So while the
wrench has been unified in one sense, no constitutive law has unified them until the present
work.

Even after the above landmark achievements, some problems related to moment arms
still persist, especially in the field of elasticity. For example, the physical component of
torsional strain is computed by multiplying the torsional strain (with units of radians/m) by
its distance r from the axis of rotation (see, e.g., Gere and Timoshenko 1990). To illustrate
how some moment arms can be avoided, a new definition of torque will defined below. When
combined with mathematical tools constructed in robotics to transform spatial objects in a
metrically proper way, it will allow us to remove some moment arms and appropriately treat
those that remain.

An alternate definition of torque that removes the moment arm is the gradient of
rotational energy with respect to angle M = 0FE /00, a relation first proposed by Castigliano
(1879) as a theorem. To demonstrate an interesting generalization of it, note that:

_OE dE _ d(Rds)  Flep)(eedd) e (eyr)(idd)

M=%~~~ @ T =T q
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where e; and e, are basis vectors, and 2 = J-1= e e, because e e, =—e,e . One could
argue that the moment arm still appears, but something different has happened here. The
material was given a say in what the moment arm is. When torque is applied to a body as an
external boundary condition, use of the moment arm is explicit and proper. However, the
moment arm appearing above is different because it was selected by the material itself based
on its geometry. The same thing happens when we throw a hammer—we apply the force and
the torque, but the hammer decides where to put its own axis of rotation. The moment arm
that arises within the material is indistinguishable from the metric component, [g,, say,
that is used to convert a tensor component such as 6, into a physical component of velocity
V.

Let us generalize the above demonstration slightly, keeping careful track of the basis
vectors:
oE OF  2ixp€l70s, el Os + ek, Js, + el Js, + ek, Js,

90— 9(ih) e e,d0 e e, 00
Writing Js, = 0(e,n, e,e,0) and Js, = J(e;r; eje,0) , we get

OE _ eye[eF d(eyry eie)l) + e,k d(eyr; ejef) + ey Fj ey ejey6) + ey Oeyr; e1,0)]

00 00
e e [—e i en, 00 +eF e, 00 + ek e, 00+ F,ee,n, 00
B o0
_(eey Fiy—ejey Iy + Frg + Fy1y)06
B a0

=ee(nk — k) + Fr + En

If F=mg, then the relation for the partial derivative of energy with respect to angle
becomes

20 = M + mg-h. (2)
The far right term is potential energy, a fact that brings to mind the Helmholtz
decomposition theorem, which states that any continuous vector can be decomposed into the
gradient of a scalar potential and the curl of a vector potential. And for a shaft in pure
torsion and only axial compression, the torsion does, in fact, correspond to a vector potential
within the material, but when more complex loads are applied, the utility of Helmholtz’s
theorem diminishes. Of course everything hinges on what ds was. If it was displacement, then
the formulation gives strain energy; if ds was merely a distance, then the relation gives a
potential. Whether or not this potential can be construed as potential (extractable) energy
depends on the neighboring material around the point in question. Alternatively, energy-like
and moment-like quantities may be components of a single multivector potential. They may
be different grade components of the same geometric entity. The concept in (2) will be used
to formulate a constitutive relation for the wrench, which contains both force and moment.
The interesting aspect of (2) is that a single geometric generating object can produce
physically distinct quantities through grade selection. We will see something similar in
Example 3 of §2.4.5, where torsion and bending arise through different grades of a moment
flux object p. Another important aspect of (2) is that we obtained torque not by including a
moment arm, but by peeling off, or factoring out, curvature.
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1.3. Main contributions

The word “intrinsic” as used here means that a relation is independent of the choice of
coordinates. So for example, the Euler-Lagrange equation would be considered intrinsic even
when it is written in coordinate form because it takes the same algebraic form when written
in any other coordinate system. Formulations that are not intrinsic are those whose
constitutive law depends on the chosen sectional axes, precomputed section properties such
as I, I,, or J, or decomposition into separate bending, torsion, and shear modes.

The present formulation employs the SE(3) configuration space and Maurer—Cartan
strain of geometrically exact Cosserat rod theory and so accommodates finite rotations and
translations. However, in the present work, the intrinsic Maurer-Cartan strain generator
g = X_l(?iX is multidimensional, and the strain measure m is not identified directly with the
Lie algebra element. Instead, as discussed earlier, an affine contraction map couples the Lie-
algebraic strain & to an intrinsic cross-sectional position field R, producing a derived strain
quantity m that embeds geometric information at the constitutive level.

Two aspects of the present formulation are intrinsic. First, the strain generator §
obtained by the Maurer-Cartan form depends only on local deformation and not on the
body’s absolute placement in space. Second, the material property matrix K includes only
intrinsic material properties F and G. Classical sectional stiffnesses such as FA, FI, and GJ
are not prescribed constitutive parameters. Instead, they emerge through spatial integration
of the affine strain field and therefore appear as derived geometric invariants rather than
inputs to the constitutive law. As a result, classical axial, bending, and torsional stiffnesses
emerge naturally from the induced strain field rather than by being introduced as
independent constitutive parameters. Torsional warping and bending shear arise as
compatibility consequences of the affine SE(3) structure rather than as independently
introduced auxiliary fields.

Whereas stresses within cross sections are often approximated through assumed
distributions, the present formulation employs a single affine constitutive relation together
with a unified wrench expression that provides an explicit analytical relation between
external boundary conditions and internal stress fields throughout bodies under combined
bending, torsion, and axial loading.

Because the solutions are explicit, they can be coupled with spreadsheet solvers or
optimization tools to quickly optimize for stress-minimizing geometries. The theory
reproduces classical bending, torsion, and axial stress relations while retaining finite-rotation
SE(3) kinematics.

2. Intrinsic SE(3) Elasticity

2.1. Representing Position and Orientation Together (Configuration)
The configuration of a body will be denoted, as it is in robotics (Brockett 1990), by
® u

X(z,t) = 0 1l (3)

Here, © is a 3 x 3 rotation matrix, and u is a translation of a point in R3, so X is a member
of the special Euclidean group SE(3), which consists of all rigid body motion. This
configuration X configures, or processes, points r in space, as follows:
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r, = Xr, (4)
r, = Or + u.

But since the subscript “2” could be misunderstood hereafter as the y-component of r, the
second point r, will be simply called p rather than r,. Therefore,

p =0Or + u. (5)

Rotational and translational strain are combined into one transformation X =® +u, and
the r’s are written in homogeneous coordinates, i.e.,

S S

A new point in space is located by the affine transformation in (5) where r gets rotated by
Or and translated by u. Then, since Ar = p —r, we can write

Ar = Or+u —r. (6)
Grouping terms with r gives
Ar = (®—-I)r + u. (7)
or
Ar = Xr—r. (8)

The matrix ©® and the vector u have different units, but this is allowable because they
occupy different spaces in the matrix X. And this units mismatch will turn out to be a
benefit when formulating a method that calculates both moment and force with a single
formula.

It is important to note that the A appearing in (8) is not an approximation that will
later need to be shrunk to a small limit in order to be valid. The beauty of the structure is
that it is exact.

2.2. Intrinsic Differential Kinematics (Motion)

For a quick review of the relevant mathematics from robotics, the components of motion
are written as shown on the left side of (9) and, in some engineering contexts, are written as
shown on the right side of (9):

0,

0

) 0 u g'y
V=X9X = 0 o VvV = vz (body motion)  (9)

Y

UZ

The form on the left is the Maurer-Cartan form (Cartan 1904, 1928; Chevalley 1946), but in
robotics, it is usually called a twist (Murray and Sastry 1990).

To confirm (9), write the group element
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O(0(z 1)) u(z1)
X(zt) =
0 1
and its inverse
- o' -
0 1|
and take the time derivative:
© u
X _ , (10)
ot 0 1
Then the motion V is given by (9):
@'e o'
v = x 19X _ . (11)
ot 0 0
Here, we see that the rotation part is
oo = B = 0, (12)
where B is the generator (a skew matrix or bivector), and 0 is the magnitude.
The translation part is
o tu ~ u, (13)
which happens to be u for small rotations.
In light of (13) and (12), we can say that V in (11) is
Q u
V = . (14)
0 0

The velocity V naturally lives in an algebra, but only if it is formulated as on the left side of
(9). The 1x6 vectors on the right side are merely vectors. They can be scaled, and like
components can be added together; however, we cannot multiply two of them together to get
a third. So the 1x6 vectors are not elements of an algebra. The vector multiplication that
the 1x6 vectors are missing is the Lie bracket (what 3D vectors allow the cross product to
imitate):

[A,B] = AB — BA,

which appropriately describes the non-commutativity of large consecutive rotations about
different axes. It is this property of matrix multiplication that naturally handles rotational
geometry, including commutators, exponential maps, and finite rotations. The 4x4
representation of Denavit and Hartenberg (1955) gives us direct connection to SE(3). None of
the extra benefits of being a Lie-algebra are possible with the 1x6 vectors. The flattening of
the matrices into 1x6 vectors breaks the Lie-algebraic structure of SE(3). The flattened
1x6 “stress” vector does not transform under rotations the way ordinary stress tensors do.

The 1x6 notation was introduced by Voigt (1910) to reduce the number of elements of
the stress and strain tensors from 9 to 6 by exploiting the assumption that the stress tensor
is symmetric. This then required 3 elements for the diagonals and only 3 distinct off-diagonal
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elements. This reduced the complexity and made the material stiffness matrix more
comprehensible, reducing it from a rank 4 tensor to a rank 2 tensor (see, e.g., Boresi and
Schmidt 2003, Chapter 3). As Manik (2021) noted most succinctly, one of the main practical
problems with flattening the stress tensor into a 1x6 vector is that o: o = (UV)TO'V (the
superscript “V» denotes the operation of “vectorizing” the stress tensor into a 1x6 vector).
To remedy this problem, Mandel (1965) proposed incorporating a weighting of +2 with the
shear components, as follows: oM = (01 T99 T35, \/5023, \/50’13, «/5012]. An in-depth study on
this issue was conducted by Helnwein (2001), who showed, among other things, that an
orthonormal basis for tensor representation in R> does not automatically lead to a
normalized space for the flattened matrix representation in RS Mathematically at least, the
1x6 stress vectors can represent a metric space because this can be done by simply
equipping the space with an appropriate inner product (or metric). However, the Euclidean
metric so created will not be the physically appropriate one. The physical norm created by
symmetric tensors o and 3 that are in two spaces dual to each other is: <0L, B> = oy, By,
without extraneous weightings. For more on why Lie groups are central in mechanics, see
Bloch (2015).

2.3. Intrinsic Strain

The present elasticity formulation will utilize the same form as (3), and X will still be an
affine configuration field. Two processes can change the configuration of a body: the passage
of time and deformation of the material. How this configuration X changes with time
becomes the kinematics. How the configuration changes spatially will become -elasticity,
provided those deformations are weighted by the material resistances appropriate to their
respective modes of deformation (G and E).

Recall that the classical strain definition

elclass. — 1 % + %
K 2 82:7 oz

] (approximate strain) (15)
i
is approximate. In the present work, the same variable name e will be used hereafter, but

the definition in (15) will not be assigned to it. Instead, an exact definition will be given.
The Maurer-Cartan form can be viewed as two separate forms. The temporal Maurer-
Cartan form

u, = X_latX (kinematics, robotics)

describes body velocity, angular velocity, and rigid-body dynamics. Whereas the spatial
Maurer-Cartan form

u, = X_lazX (strain, elasticity)

)

can describe the strain gradient as has been done in the past. That is, components of strain
could be given by the same Maurer-Cartan form

£ =X"9X
so that
I €
g - 0 0 9

24



Morton Continuous analytical elasticity solutions for arbitrary cross-sections & combined loads

where T' and € would be the rotational and translational strain gradients, respectively.
However, the standard SE(3) translational part € is only a vector. It gives one column at a
time. There is no object ¢, with two indices inside ordinary SE(3). This presents a problem
when we attempt to formulate a constitutive relation between the energy density w and any
strain measure. To compute stresses for shear, bending, torsion, etc., we need all 9
components of the strain tensor, not merely a single column. Therefore ¢ will be promoted
to ¢, , which will be a full translational strain-gradient tensor. Then, strain becomes

8] 8]

=10 0

, (16)

and is a 4 x4 matrix for each direction 4. Incidentally, € could probably be treated as a Lie-
algebra-valued 1-form § = ¢, du;.

So at this point, we leave pure SE(3) because the translational part of se(3) is R3, not
R*3 . In other words, 6.; & s¢(3). But even though the resulting § cannot be viewed as a
genuine SE(3) strain, we can modify our interpretation slightly and view (16) as a bundle of
directional generators. Each column €; is still an SE(3)-type translational generator. Thus
the theory will retain SE(3)-based kinematics, but the constitutive distortion space will be
larger than se(3) because € is a full matrix rather than a Lie-algebra translation vector.
Each directional strain generator &, will act affinely on a given cross-sectional position.

In index notation, the spatial derivative in the Maurer-Cartan form to be used is

i = (X_laiX)kj (strain, exact) (17)
The inverse X ! will be of the form
%1 A Db
0 1
such that X 'X = I. To find it, multiply
A Db||® u A® Au+b
o 1o 1| |o 1 |
and set it equal to I
lI 0
0 1

to find that
A=0"! and bO® ' +tu=0.

Therefore, the inverse of X is

To compute £ in (17), multiply X' by 0,X:

! —eh

0© Ou
Ei = .
0 1

0 0
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So the strain gradient is
) o © 100 O '0u
Oz, 0 0

1

§ =X (18)
The multiplication on the left by the inverse of X is what makes the Maurer-Cartan form
intrinsic. The mere gradient 0X is not a Lie-algebra element, so it cannot be directly
compared at different configurations. But the Maurer-Cartan form above transports
everything back to the identity so that & € se(3) for every configuration. This produces a
space for common comparison.

Decomposing (18), we can see that

—1 —1
g = 0O 8l@ + © 8iu (19)
rotational translational
strain strain
So write
Fi 62 .
E =1 (exact strain) (20)
! 0O O
so that
_1 00
L, = 2. (21)
i
and
1 Ou
€ = ® 5 (22)

(3

are the rotational and translational strain gradients, respectively. The rotational strain
matrix I' is skew-symmetric and has units of 1/m, and translational strain gradient € is
dimensionless. The unit mismatch in (20) will be essential in constructing a unified formula
for the force and moment contained in the wrench. This formulation is powerful and will
provide exact displacements for large deformations using the exponential map. The exact
form of strain in (22) obtained from the SE(3) formulation is therefore superior to (15)
because it tells what the deformation means in the current material frame. After all, a partial
derivative such as that in (15) is part of a Taylor series extrapolation to a nearby point. The
strain € in (22) comes from (3) and is frame indifferent, whereas (15) is not. Note,
incidentally, that if, for example, Uyy = 0, then for small angles,

lass. 1 1
612C8.SS — 5(%724_“271) = 5@1,1’2;
therefore,
lass. 1
12C ass 5612

in such cases.

Now suppose, for example, that we have a circular shaft in pure torsion about the z axis.
The angle of twist ¢(z) of a section plane is at most a function of z Then
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cosp(z) —sing(z) 0
© =|sing(z) cosgp(z) O0f, (23)
0 0 1
and in this case the point map is, from (4), simply
r, = O(2)r
T T cos¢ — ysin ¢
L, = |y| = |zsin¢p + ycos¢ (24)
% 2

Computing the two matrices on the right side of (21) gives
cosd(z) sing(z) 0f|—¢'sing(z) —¢' cosgp(z) 0
I, =|-sing(z) cosd(z) 0O #cosp(z) —¢'sing(z) 0.
0 0 1 0 0 0
Multiplying, we find that

0 -1 0
r,=4¢1 0 0|=¢G,. (25)
0 0 0

So contrary to appearances, no small-angle approximation has been made.

In summary, the configuration X given in (3) contains finite configuration variables
(elements of a group), and § and V contain infinitesimal generators (elements of an algebra).
The configuration (3) represents a change in the pose (the position and orientation) of a
body, so V = X 14X would tell us the instantaneous infinitesimal motion generating the
evolution. Repeated multiplication by X tells where the body is but not its internal strain.
The gradient matrix € defined by the spatial Maurer-Cartan form is the infinitesimal
generator of SE(3) transformations that gives local rotational and translational strain rates.

The beauty of (17) is that we can integrate it as a differential equation for X. First,
multiply it by X:

X
dX _ xe. (26)
dz
Then substitute in the matrices on the right sides using (3) and (20), and obtain
dX © u||ll' €
dz  Jo 1]jo o

dX OI' Ec

a2 27
P 01 (27)

Noting how X is defined in (3) allows us to solve the rotational and translational parts
separately. First, by comparing the top left 3 x3 matrices, we have

9 _ or. (28)
dz
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Integrating gives the exact rotation field (how the plane at z is rotated due to strain):

“Td-
O(z) = @(O)ej;) , (29)
where ®(0) =1I. As the integration here shows, variation of I' with z is easily accommodated.

Next, by comparing the top right entries of (27) and (3), we find that

du

— = e 30

T = oc, (30)
Integrating gives the exact translational strain field:

Z

u(z) = [O(2)e(2)dz. (31)

0

2.3.1 Configuration field along z-axis:

Recall from (4) and (8) that when we write r in homogeneous coordinates, we have the
identities:

r, = Xr and Ar = Xr—r.

And X(2) is the configuration of the cross section at coordinate z. Therefore, ©(z) is the
orientation of the entire cross-section at position z. The independent variable is the beam
coordinate. In SE(3), the configuration X of the displaced cross section can be reconstructed
from the Maurer-Cartan form along a spatial coordinate such as z. We simply integrate (26)
to get the configuration of the body

X(z) = X(O)exp[foz‘éz(s)ds] (32)
® u
0 1|
where the Maurer-Cartan form gives its strain gradient:
10X ', e
= X122 — |TF P e oge(3 33
€9 = X = [ e e (3)

Here, T', € s0(3) is an infinitesimal rotation along z, and €, € R® is an infinitesimal
translational strain along z.

In robotics, repeated SE(3) multiplication describes finite rigid-body transformations and
global kinematics, and the temporal Maurer-Cartan form describes infinitesimal generators.
Similarly, the spatial Maurer-Cartan form describes infinitesimal generators such as local
strain, torsion, and intrinsic elastic deformation by means of (32), which is the Lie-group
analogue of integrating velocity over time to obtain position. Integrating strain over space
gives the deformed shape of the body. The exact total strain gradient is W = f ¢dz. For
three dimensions, ¥ = ﬁy € along a path 7. In the present work, the full § matrix for a
given direction i is
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Iy, Iy, I, &,

£ = Iyy; Ty Thg; &,
: )

Iy, Iy, Iag; &,

0 0 0 0

In the same way that velocity, which is in the special Euclidean algebra se(3), is a
generator of infinitesimal translation along a curve, I'; € se(3) is a generator of infinitesimal
rotational strain along direction 4, and € € R? is a generator of infinitesimal translational
strain. The exponential map exp: se(3) — SE(3) reconstructs, along direction i, the finite
displacements. Torsion, bending, compression, or any combination of them are described by
£€. The exponential map integrates the local infinitesimal strain and rotation into a global
configuration. For combined loads, the total rotation matrix ©(z) can be comprised of two
rotation matrices—bending denoted by ®4(z) and torsion denoted by @,(2) as follows:

BO(2) = Of2)O(2).
As shown in (28), the rotational evolution is

O (2) = O(2) I(2).

2.4. Mechanics
2.4.1 Energy stored by deformation

In order to recover both moments and forces when integrating over a cross section, the
strain energy density w must involve not only translational strain € as is typically done, but
must also depend on the rotationally induced strain gradient I‘J-. Unlike fluids, solid bodies
have structural strength that allows them to transmit forces great distances. So the
constitutive relation must account for this. Therefore, we apply the Maurer-Cartan strain to
the point R:

n;, = §z‘ ‘R. (34)
Here, R is a vector pointing from the centroid T of the domain to the point of interest at r:
R=r-—-T. (35)
Therefore, (34) can also be written as
m =TI, R + ¢ (36)

Notice that this is the same type of affine transformation as in (5). The point T is not
guessed but can be shown to emerge from an energy minimization condition. For pure
homogeneous bending, minimization of energy shows that T lies on the centroid. The point
T is the point about which the section stores the minimum energy. If, instead, the absolute
position r were used in (36), then shifting the origin would change the local stresses thus
computed and make them dependent on arbitrary coordinate changes. The relation in (34) is
the infinitesimal affine action of the Maurer-Cartan strain generator on a material point.
Therefore, m is the strain analogue of the velocity field generated by a twist in robotics.

In full index notation, (36) is written

My = Ui B + 64 (37)
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where ¢ is the index generated by taking the gradient, k is the strain or force direction, and j
is the local position component within the section.

For every load case examined in connection with this study, the variationally selected
point T has been the centroid. Those cases include: pure torsion, pure bending, pure axial
compression, pure shear, combined bending and torsion, and combined bending, torsion, and
axial compression. The cross-sections examined were rectangular sections and triangular
sections. Initially, the point was thought to be the neutral axis because the neutral axis is
where bending stress vanishes. The calculations instead suggest that T is tied to elimination
of first moments of strain energy, whereas the neutral axis is tied to 75, = 0, which is a
different condition. The neutral axis depends on the applied loading, whereas the centroid
depends only on geometry. So far, the mathematics has consistently selected the geometric
quantity, not the loading-dependent one. That suggests that the point 7 in
My = ka. (rj — Fj) + 6, is fundamentally a geometric center rather than a stress center.

The strain energy w stored in the body is

1 2 2 2 1 2 2 2
w = 5E(7711 1y 337) + §G[(7712+7721) + (g + n39)” + (11 + 713) (38)

The constitutive relation cannot simply square the off-diagonal terms individually, because
during a pure infinitesimal rotational displacement, we have at that point, for example,
u = —0y and w, = 0r. Then 7, =—0 and 7, =0 so that

Mo+ 1y =0 (rigid-body rotation)

So pure rotation stores no strain energy, and yet the expression 77122 + 77212 would be non-zero
in such a case. Therefore, (38) is correct, and the general strain energy relation can be
written

w =

EY 0t + %Gz(nﬁ+nﬂ)2(1—5ﬂ). (39)

1
2 7 1<J

The restriction ¢ < j avoids double counting symmetric pairs since we have already written
out the symmetric pairs explicitly. Therefore, the stiffness matrix for isotropic material is

G  when k=1
Kk' = . (40)
! E when k=1
2.4.2 Stress
Taking the derivative dw/0€ of (38) yields:
ow ow
i = = 41
5 = ° and o = W (41)

which is Hooke’s law and another material constitutive relation involving a moment flux p.
Here, o is the stress at a point in the body. Recall that I" and € appeared in (33) and have
different units.

The following equation calculates both modes of the wrench—rotational (for moments)
and translational (for forces):
M w

. ol (42)

ow
II = |—dA4A =
J
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The reason for this is that strain € has two modes according to (33). So formula (42)

generates a rotational mode, which is torque:

(Moment): M =TI, = fa—wdA [N - m)]
y or
and a translational mode, which is force:
(Force): w =1, = f—dA [N]

2.4.3 Forces

For the force on a section, we differentiate with respect to the linear mode of (41).

Ow  Ow Iy,
96, O, O¢, '

Oki =

According to (37),

ow 1
v tpy S
8ep7q 2 ~ Je

i T pg i<i 9 ‘1
1 on;; 1 on,.;
= —EY 2n,— 4+ =G> 2ny, +ny)| 7
2 8ep7q 2 = t b Gem

When i = £, the shear term becomes

on,. on.
Z (nki + nz‘k) M + M] = Z (nkz' + nik)((skp(szq + 6ip6kq)

k<i

( € €
k<i 9 D,q 9 D,q

= (1,, + 1)

(43)

(44)

(46)

since Ony;/0¢,, = 1. Due to the restriction (k <i), the four terms in the result become only

two terms. And once we apply the Kronecker deltas, we can drop the summation sign.

For the normal stress term, we get

o,
Z ua “ Z% ik
zk

i<k

Putting these two—(47) and (46)—together gives

ow
i T He . T EY 065 + GOy +my)(1=8).
(X} k<i
So on the diagonal, we have
ow
%ﬂ = o, = B,
and when ¢ =k,
ow
e = o = Gl +my) = Gy
where 7, is given by (37). Since
ow  Jw
de.;  Oe,’

the stress tensor becomes
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Eny,y G(my+ 1) Gz +m3)
o = |G 1y + 159 E G ()5 + 139) (50)

G (31 +mg) G030+ 13) E g

So the force w, acting normal to the section is

w, = f—dA = fEm-idA“) (51)
And the force w, acting in direction k: on a surface normal to i is
0 i
o = [ g4 = J e+ nga?. (52
kyi
A 3

where from (37)

fGijZR +6, + TR, +¢,)dA”

i,k

2.4.4 Moments
Now for the moments, differentiate w in (39) with respect to I' according to (43):
ow

M=, = fﬁdA. (53)
A
With basis vectors €e,, €, and e, the moment flux defined in (41) can be written
ow ow
= — = e ee.. (54)
or 8qu7r Pq
Let’s expand the shear term first:
ow on,.. an,
e appq,r i Z 8qu7 8qu-r
=G Z (nki + nik) (6kp 677" R + 6 6kr Rq)
k<i

Once we apply the Kronecker deltas, only one pair of indices contributes, so the summation
sign is no longer needed. Recalling from (37) that n=T"-R + €,
ow

pa,r
= Gl +6,,) + (IR 6 IR,
For the normal part of (39), we have
OV
Hogr = 5 = B0y 8, Ry (p="1) (56)
pa,r

Therefore, combining (55) and (56) gives
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En R p=r
pp - q (57)

e G(npr + nrp) Rq p =T

By combining (45) and (57), we can rewrite (41) as one equation, as follows:

ow ow
Vw = per + oe, = arer + Be % (58)
Here, e and e_ are basis elements of the dual of strain space. The basis element e has

units of 1/m, and the basis element e_ is dimensionless.

Notice that in (58) we still have the “conservation of indices” dictated by the quotient
rule of tensor analysis. (This rule states that only tensors of the same type may be added
together.) But this may not be strictly necessary, as geometric algebra has shown. The
quotient rule was abandoned in geometric algebra, where a-b and a Ab are routinely added
together even though the second term has two indices, and the first term has none. The
notion suggested by (58) is that p and o are different grades of a larger object.

It seems likely that the natural setting for mechanics is a 6-dimensional wrench
“transmission” form, with a conservation principle of the form:

dII =0.

With a single conserved wrench transmission form, beam shear, torsion, bending moments,
couple stresses, and forces themselves become manifestations of a single structure.

The pairing of force and moment that has been done in robotics until now has been
primarily kinematic, whereas in this formulation, the pairing is constitutive. In robotics, the
twist V =(€2,v) and the wrench W are involved in a power pairing:

P=W-V=Fv+M-Q.
So the pairing is between motion and load. There is nothing constitutive that is involved.

The pairing that is done in the present formulation is between primary variables € and T’
and the dual objects o and p. The pairing is not a power pairing but an energy gradient
pairing in which the material law has entered through w. The resulting force and moment
fields arise as a consequence of a gradient of the strain-energy density within the material
rather than as externally applied loads.

Robotics pairs loads with motions in se(3)* x se(3), whereas the present theory
introduces an analogous constitutive pairing between strain measures and their energetic
conjugates in £* x £, where £ is the space of affine distortion generators m, and m is neither
a purely translational nor a purely rotational strain gradient. Then S = Jdw/0% belongs to
the dual space £*. It appears that ¢ and p are merely the projections of S onto the
translational and rotational channels

oc=S and p = SR, (59)

so that £ € £ and S = 0w/0¢ € £*.

The conventional moment rAdw is best suited for computing externally-applied
boundary conditions, while

dM = p-dA (60)

describes internal responses. Then the relation r Adw=dM becomes a compatibility
condition between two independently defined objects rather than an identity.
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2.4.5 Examples

Example 1. Bending About the - Axis

Bending Stress

Consider the moment due to pure bending about the xaxis of a beam of rectangular
cross-section. If we denote the bending angle as (3, then by the same logic used to obtain (25),
we compute

. 00 0 0 0 0 z n-r
r73=®‘1%= 00 —Fl=10 0 —xl R = |y = |n-7|. (61
03 o0 0k, O 0 0

Here, x, is the beam curvature due to bending, and R is the position of a point of interest
from the centroid. (This centroid can be made to emerge from the solution by minimizing
strain energy.)

As seen in (61), the only non-zero component of the rotation gradient is I'y,; therefore, in
(37),

L3R = (62)
Ky, Y
Therefore,
F32,3Rz = B2y = K, Y - (63)
Then by substituting (37) into (38) the strain energy due to bending becomes
SECAR, +é\1 E(I'y;5R, +'52\2)2 + E(F3J3R +633)

+ Lol et F/Rw\l L0 e DR 6
+ G (Iy;3R; +9/3 IX2R7+€32

By referring to (61), many of the components of T" can be seen to be zero and so were crossed
out. For example, any components of I' with a 1 as the first or second index are zero. Many
of the strain components are also zero. The above strain energy density then becomes

1 1
w = S BCA o+ Doy + Dy R) + 5 B ol + D ol + Ty + 655)°
1 1
+ 5GG )"+ 5 G R + Tonglty + Ty gy + )"

In fact, since I jjr 1S antisymmetric in the first two indices, things get further simplified:
1 2 1., o 1 2
w = iE(Fsz,st +63)° + §G‘531 + §G€32 (64)
So according to (63),
My = I3y + &3 = K,y + 3.

To compute moments, we take the partial derivative of (64) with respect to I' as in (44):
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ow
H3o3 = oI = E(F32,3RQ + €3) Ry

32,3
= FEk, y2 + Fegy

We could also write this with basis vectors:

H39 3€9€3€5 = Ele, e3F32,3R2 + &3 e3€3) [y €
= E(x, y2 + €y)ese;e,
Then the moment in (42) becomes

M, = fu-dA = Ef,u32,3e2e3e3‘e3d/1
A A

= Ee2e3f(mxy2+e373y)dA
A

= Eeyey [1,y°dA + E¢jeje, [ydA (65)
A A

The second integral vanishes if R, is defined from the centroid. The term survives if the
origin is not centered, if there is eccentric axial loading, or possibly if the cross-section is
asymmetric. So the present formulation may contain some coupling physics that classical
beam theory removes. A variational energy minimizing procedure selects the centroid in this
case.

The moment is then
M = Ef /%y2(e2 Neg)dA

A
M PO Rl dzd
= DK e, \Ne,dx
v o pdoyp? 2T
bh’
M, = EHTE e, \eg (66)
The moment is a bivector in the e, Ae; plane. Its magnitude is

M, = ExI,, (67)

where I is the area moment of inertia about the z-axis. From Hooke’s law (48), we have
o = e so that

M, €4
g = ——..

68
w1, (©8)

The following is a one-line proof that €4 =yr,  in a beam with p as the radius of curvature:

_ change in length _ dl(y)—da(y) _ (p+y)df—dz _ (p+y) 1 - ¥
3 original length da(y,) pdf p P

= yl{’x7

from which (68) becomes the classical formula:

M,y
043 = Ix . (69)

T
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Shear in Bending

The conventional derivation of the shear stress in beams is typically a tedious process
involving diagrams, intuitive arguments about forces needing somewhere to go, and nested
integrals. We are expected to notice that the axial force in the upper part of the beam
changes from one section to the next, and therefore there must be a horizontal shear stress. A
notion that can remove some of this tedium, or at least make it worthwhile, is the realization
that there is a relatively profound guiding principle involved. The most mysterious step in
the derivation can be boiled down to an application of Stokes’ theorem which states that for
any sufficiently smooth domain (2,

[w=[dw (70)
o0 Q

To see it in action, consider the axial force 2-form (in the z direction):
wy = o5dyAdz + og,dzAds + og5dr Ady (71)

Note that oy, , for example, is just a scalar coefficient, not a 2-form. It is the force that is the
2-form. Having a force, which is a vector, with components that are 2-forms is just as
peculiar, but in the opposite sense, as the traction vector, which has units of stress, and yet
is a 1-form (it is created by dotting the stress with a dimensionless normal vector). So we
could say that force is a vector-valued 2-form

w=R3® A2,
while the traction vector is a force-valued density on a surface. Classical mechanics often
starts with point particles, while continuum mechanics suggests that stress over an area is a
more fundamental notion. Since dim(R® =3 and dim(A%) = 3, the total number of elements
involved in this description is 3x3 =9, which is the same as that of the stress tensor. The

2-form description of force components reveals structure that is harder to see with vector
notation alone. If we expand the discussion to the wrench, we could write

II=R® A2,
which could be referred to as a wrench-valued 2-form—a six-component mechanical object
whose entries are transmission forms.

Returning to the task at hand, since no net z-directed force is being created, destroyed, or
accumulated within the volume element dz AdyAdz, the differential of wy in (71) is the
closed form

dwy = 0. (72)

This is a conservation statement, and it also happens to lead to the equilibrium equation.
One of the terms in (71) is the axial bending stress from (69). And shear stress exists because
the force 2-form w, must remain closed. Expanding (72) gives

dwy = d(og;dyAdz) + d(og,dzAda) + d(og;dzAdy) = 0
= O o3)dzAdyAdz + O fog)dyndzAde + O (035)dz Adz Ady,
since dx Adx =dy Ady =dz Adz =0. The resulting closure condition
dwy = (0,03 + 0,035 + 0,035)dz Ady Adz = 0 (73)

requires that
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0,041+ 0,030+ 0,035 = 0 (74)

(This is the equilibrium equation.) For bending in the y-z plane, 9,( ) =0 because in the »
direction, all sections through the entire beam look identical. Using this simplification, the
closure condition can be integrated to obtain

f%ﬁdA - —f%ﬁdA.

Using Stokes’ theorem to re-write the integral on the left as a line integral around the area,
and using the stress in (69) on the right side, gives

M (z
§032ds = —f% —i; )y dA
A A r
Ldm
[omas + [opds + [opds + [ogds = —I—d—ﬂ;(z)fydA (75)
3 5 53 54 ‘ A
Along side. Along b. Along side. Along b.

Free surface  Free surface  Free surface  (Of interest)

One of the assumptions usually cited in deriving beam shear stress is that it remains constant
along the beam width b. However, as shown in the left side of the above relation, this
assumption is stricter than needed. The desired simplification of the contour integral around
the section between the y-value of interest and the free surface only requires that the stresses
along legs 1 and 3 vary in the same way, not that they not vary at all. This then allows them
to be cancelled out. The sectional area to be integrated can actually be on either side of the
y-value of interest because the two sides will be equal and opposite. The smaller of the two is
simpler and therefore usually recommended.

The integral on the far right of (75)—the first moment of area—is usually denoted as Q.
We know from shear and bending moment diagrams that dM/dz =V, where V is the shear
force. With these substitutions and the fact that the shear stress must be zero at the free
surface, (75) reduces to

V@
f032ds + (0)b — f032d8 — 05,0 = -7

5 5 !
so the bending shear closure stress is

44

- 76
032 Ix b ’ ( )

which is the classical formula for the shear stress in a beam.

The classical beam shear formula arose from solving the closure equation on a subdomain
of the cross-section. So while the shear stress appears entirely unrelated to the axial bending
stress, shear is the flux component required to make wy closed. This effect is depicted below
in the strain gradient matrix m:

0 0 O 0 0 0 0 0 0
m=00 0] — |0 0 0|=1[0 o0 0 (77)
0 0 g4 0 739 733 0 03,/G L35 5y
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Example 2. Circular shaft in pure torsion about z-axis

Now suppose a circular shaft is in pure torsion about the z-axis (or in the 2~y plane). As
shown in (25), the rotational strain gradient I', about the zaxis is given by

r Fug Ty Iigs 0 —¢" 0
/
R = |y|, Py =I5 Iy Iy =10 0 0. (78)
0 i3 Ia5 Iiss 0 0 0

Here, ¢ is the angle of twist of the shaft. For torsion, the rotation gradient

¢(2) = r, (79)
goes by various names, including the angle gradient V¢ and the curvature k, in the z

direction due to torsion.

To compute the strain gradient in (37), take the product of I'; and R given in (78) and
obtain

INPPY/ -y
mg = L3R, = |y 32| = & x| (80)
0 0
So the full matrix n is
00 —¢y
n=10 0 ¢uz|,
00 O
and the two important components are
g = gy = — ¢y, (81)
hy = Iy 30 = ¢ (82)

The axial strains are zero, and ¢, = 0 for all ¢ and £, so (38) reduces to

1 1
w=g Gl(ny5 + M9 + g+ ms)) = 5 Gnys” +m3)

= %G[(Fm,g I)Q + (F12,3 ?/)2] (83)

Since the shaft is circular, there is no Saint-Venant warping, so €, =¢6,=0. So the
translational strains were crossed out.

Moments

The integrand of the moment given by (42)

ow

M= | —dA

1l T (84)
A

can be written

W= = Hpar®p€Cr-

From (57), this becomes
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ow

i G(n,,. +n,)R,e,ee

qpqT
or
tpgr = G0, 1) R,
= G(I,; R+, + T, Ri+e/ )R, (85)

Since there is no Saint-Venant warping, the translational strains were again crossed out.
Then for the axial direction, let the index r = 3:

0
18 3 = —w = W, 3 e e eg .
) 8:[‘3 pgo P q

This expands as
s = [413€ €€ T [493€ €€ + [y 3€,€ €5 + [l 36 € e;. (86)
Each component of p , will be calculated individually. First, let p =1 and ¢ =1 in (85):
g = GsR + LgiR) By

= G + DBy + I3 ) By
= G (I, 3R2)Rl
= G(-d'yz

Several I’s could be crossed out by referring to (78).

Likewise, for ¢ =2,

Moy = G(I;3R; + L R) R,
= GO + Dy 3B + Iy 3 ) By
G (I 3l) Ry
= G(=¢'yy
For p=2 and ¢=1,
Hopg = G (I 2]3R +Q/2
= G( 213R1+%R2+F233%>R1
= G(¢'r)x
and finally,

Hog 3 = G( 2_]3R +Q/2
G( 213R1+%RQ+F233@RQ
= Gl 3R)R,
G(¢

)y

Substituting these four values into (86) gives
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B = [ 3€ €€ + [y3€ €€ + [l 3€,€ €3 + [ 3€)€)e;

= -Gy e e e; — ng/yQ e ee; + Go'z* e e e; + Gd'xy e,e,e,

= —Gdrye;— Gy’ e e, e; — Goz’e e, e; + Gdaye, (87)
p = —G¢R e e,e, (88)
Then, according to (59), the stress at any point in the cross-sectional area is
o = p/R = —G¥Reje; or —G¢'Re,e,. (89)
The moment in the area due to torsion is found by (53) or (60)
M = [p-dA. (90)
A
If we consider area to be represented vectorially by its normal vector e, , then
M = —G¢'fR2ele2e3 egdA
A
= —G¢/[R’eje,dA, (91)
A

and the moment occupies the e e, plane. Conversely, if the area is represented by the
bivector e, e,, then the moment’s direction is represented by the e; basis vector. The area is
the cross-section of a circular shaft; therefore,

M = Gdlepe, [ [ R’RAOAR (92)
R 6
Integrate the stress above over the cross-sectional area. Then the moment about the zaxis is
TR
M = G(b/T(el /\92)
Its magnitude is the classical formula for a circular shaft in torsion:
R
M| = qu’T = G¢'I,. (93)
Stresses
To find the stresses, use (50) and (48), with (37), as follows:
ow ow
Oy = de. = B O = de,. = G +my) = Gy,
=BTy B + 6)) = G(Tyy B+ 6, + Ty B+ 6)
Therefore, from (81) and (82),
o3 = Gyz = —Gdy (94)
Oy = Gy = Gz (95)

This is Hooke’s law, which says that shear stress is 7 = GR¢' . Now write

T = »\%7132 + 0232 = G¢/\/l’2 + y2 ,

and substitute (93) to get the classic engineering formula for shear stress in a circular shaft:
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M, R

i (96)

T =

Example 3. Rubber Block Under Combined Loads

Consider a rubber block with the following geometry, material properties, and combined
loads:

Material and geometry:

Block: W =0.02m, H =0.05m, L=0.2m (z, y, and z directions)
Material: Rubber. E = 30 MPa G = 10 MPa
Axial: F = 5 N, compression (in the zdirection)
Bending: F(L) = 30Ne,  (about the z-axis)
Torque: -5 Nm (about the zaxis)
Domain of material: W <z < w ) A <y< i
2 2 2 2

Define the special vector R to be used in (36) as:

x n—I
R =yl =|n—V
0 0
Stresses
To find the stresses, use (50) and (48), with (37), as follows:
ow ow
%y = ?N = By Ok = gkl = GOy + 1) = Gy (97)
=Kl R, + €, =GR +e, + T R+e€y)
Axial Strain
Axial strain is straightforward:
€(2)e, .
Its gradient is
€42) = 0.€(2)
So by (48),
F,
== 98
Bending

We saw in (77) that for bending about the az-axis, the strain gradient matrix was equal to

00 0
"= 0 0|

0 739 ’733(1)
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with 7]33(3”) =1}, 3(x)R2 =r,y according to (63), and the off-diagonal determined by the
closure condition (74). Similarly, for bending about the y-axis, we would have

0 O 0
=0 0 0
N3 0 7733(y)

with the off-diagonal determined by the closure condition. Therefore,

7733(@ = ['32’3(3”)32 =K,y 7733(y) = [’3173(?/)}?1 =T (99)

The total is the component-wise sum of these two strain gradients:
g3 = L5;3R; + 64
=15 3B + Iy 3Ry + 654
:—ny:v + K, Y + 63,3

and

033 = Engy = E(k,y—K,2+63) (100)

MPa
0203
m0.1-0.2
Y
m0-0.1
0.0044
n -0.0028
o d o
o ~
328838 uy -0.01
s 29538
T o o =)
T o

Figure 1. Bending stress in the rubber block of Example 3 (bending about the z-axis
only) at the section at the mid-span (z = 0.1m).
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Closure-Generated Bending Shear

The zforce 2-form is, as in the (71),
wy = o0g7dyAdz + ogdzAde + og3dzAdy. (101)

This time, the closedness condition dw; =0 governs all z-directed transmission, not only
bending, so (74) is written:

0,031 + 03) + 0,(039 + 035) + 0,033 = 0. (102)
T BW T B
In combined loading, the closure condition on wy generates shear oy, due to bending about
the z-axis, and constrains the torsional shear oy, . B
T

First, perform the differentiation of (100) required by (102):

0,04 = E(eg + Ky — fi;:n)

Then, the closure-generated shear stresses must satisfy
/
0,(031 + 031) + 0, (039 + 039) = —E(e33 + Ky — Ii;/]?) (103)
T BW T B@
This equation and the boundary conditions determine s, and oy, .
Up to this point, the formulation has been kept general enough to allow for bending

about both the z and y axes as well as torsion about z and axial compression. If we focus
briefly on bending, (103) becomes

8x031(y) + 8;,032(@ = —EB(ry — “;,f'f)v
which can be partitioned into two separate shear problems.
8y032(‘”) = —Ery 81031(9) = EK:;/I
Then integrate
1 1
032(‘”) = — éEm; y + oz, 2) 031(?/) — §Ef<;;x2 + ¢y, 2)
Imposing a zero shear traction on surfaces of the rectangular section
(2) =0 (y)‘ =0
732 g 7 s
gives
1 H® 1 W
032 §EHI$ T—y2] 031 :EEHJ; $2—T] (104)
The corresponding shear gradient components are:
932 931
Yoy =Wty = el M3 = Mgty = el (105)

The shear stress in (104) due to bending about the z axis is shown in Figure 2.
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MPa
0.008 = 0.008-0.01
0.006 m 0.006-0.008
0.004 0.004-0.006
0.002 | 0.002-0.004
0 m 0-0.002
9 0.0004
S 3 S
SS8807 « -0.01
o o o 2
T s 2 8
T QI O

Figure 2. Shear stress in the rubber block of Example 3 at the section at the mid-
span (z = 0.1m) due to bending about the z-axis.

Torsion

When the cross section is not circular, the torsional stiffness depends on direction from
the centroid. This non-uniform stiffness causes warping in the axial direction, as Saint-
Venant discovered (Saint-Venant 1856). However, this too is a result of the closure criterion
dwy =0 in (72). This will be shown shortly.

The torsion can be put in the usual form by substituting (94) and (95) into (87) and the
result into (90). This gives

M = f(algy — 0y 7)€ e, dA (106)
A
Defining the Prandtl stress function ¢ as

013 =Py and Oy3 = =4 (107)

)

so that the equilibrium or closure condition (74), written while invoking symmetry as
0,003+ 0,093 = 0,

is satisfied identically (analogous to the streamfunction in fluid mechanics). This allows us to
write the magnitude of the torque in (106) as

M = [(pyy + ¢12)d4 (108)
A
This form motivates one to write the following identity:

T
- = TP+ yp, + 29
yp
because the first two terms on the right side can be substituted into (108) to give
T
M= [V Plaa — [2pd4.
A ye A

Applying Stokes’ theorem to the integral on the left allows us to write it as an integral over
the boundary of the section, n as the unit vector normal to the boundary of the section:
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M = [ plam+yn)ds — [2pdA (109)
0A A

The first integral on the right side will be zero for several different boundary conditions:
© is zero on the boundary 0A, or perimeter, of the cross-section, (Dirichlet case)
0 has symmetry cancellation on boundary 0A

¢ is chosen so that its projection at the boundary onto (r-mn) is orthogonal [each
individual mode of the Galerkin/Fourier series with cosine base vanishes]

4. The Galerkin system generates coefficients that cancel in the weighted sum, even if
individual modes do not vanish

For the present example of a rubber block with a rectangular cross-section, the boundary
term in (109) will be annihilated (below) not because ¢ =0 on the boundary but because of
#3 and #4 above—the cosine basis to be used in the Galerkin/Fourier series for ¢ will
restrict ¢ to a subspace in which the boundary integral has no independent degrees of
freedom, and the Galerkin system will enforce this constraint through its coefficients.

With the boundary integral in (109) eliminated by one or more of the 4 conditions listed
above, it becomes

M = zf pdA. (110)
A

But this equation is not enough to completely determine the coefficients of a series solution
for ¢ for the rectangular cross-section. As implied by the four conditions listed above
infinitely many ¢’s satisfy the same torque integral. To solve for ¢, we need another
governing equation [(118) below|. This comes from the compatibility equation.

Compatibility

Compatibility asks whether there exists a displacement field u producing the strain in
question. The compatibility equations are the conditions that guarantee this. Compatibility
says that the strain field is locally exact, but it is usually expressed by showing that an
associated differential form is closed. The Maurer-Cartan equation

de + EAE = 0 (111)

is more fundamental than the classical compatibility equations. For ordinary (Abelian)
differential forms w, integrability is expressed by the closure condition dw =0 as we saw in
Example 1. But for Lie-algebra-valued forms associated with a noncommutative group,
noncommutativity introduces the additional term § A&, yielding the Maurer—Cartan
integrability condition (111) (Helgason 1978). So the Maurer—Cartan equation may be viewed
as the noncommutative generalization of the closure condition dw = 0. In the Abelian limit,
£ NE =0, and the Maurer—Cartan equation reduces exactly to d§ =0.

The quadratic term in (111) appears because SE(3) is noncommutative. And it is the
rotational part I' of the Lie algebra that causes the noncommutativity (rotations do not
commute).

Suppose a strain & satisfies the Maurer—Cartan form § = X 19X for some configuration
X. Then automatically d§ +& A€ =0. And conversely, when the Maurer-Cartan equation
holds, one can locally reconstruct X such that € = X 19X
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The Maurer—Cartan compatibility equation (111) can be written

9,& — 9§ + €,&] =0, (112)

where the term in brackets is the Lie bracket—the commutator. To compute it, substitute
the block form (16) into it:

[EZ" &k:l = gl‘a gk - &k? gi

L, €|, €| I, €L ¢ LT, Tie | |IT;, e,
1o oflo o |o ollo of |o o0 0 0
Therefore,
[, T, Te —Te,
[&ia ﬁk] = 0 0

Substituting this into (112) gives the Maurer—Cartan compatibility equation in the form

oL, — oI, +[I,,Ty] €,—€,;,+T € —T¢, _ o
0 0

So this generates two blocks. The rotational block is

8z'rk B 8kri + [I‘i, Fk] = 0.
But we will focus only on the translational block:

€,,— €Tl —Te =0, (113)
or in index notation,

i = ik T Ly G~ Ly € = 0

For small-strain Saint-Venant torsion, the Lie bracket terms are higher order, so we assume
Ie, —Te, =0,

which means that (113) simplifies to
€ri = €ik

[A¢)

For the axial displacement component, with cross-section directions given by i =2, k=1,
this becomes

G122 = G2
8y€3,1 = ax%,Q‘ (114)
To get an expression to use for the € gradients, start with 7, = FkJLRJ + ¢ in (37):
M3 = Ths T3 Yoz = Thst T3 (115)
L Bi+ef + Ly R+, = Iy R +es + LR+ 6
For torsion about the zaxis, the rotational strain is
0 —¢ 0
r,=1¢ 0 0
0 0 O
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Noting the non-zero components, we can simplify ~,;. to

M3 = Tog Bt 6, = —dy+e, Yog = Dy 3 B+ 6, = dote, (116)
Solve these for the € gradients:
61 = N3t ¢y &2 = Yoz — ¢ (117)

and substitute them into the Maurer—Cartan compatibility condition (114):
ay(%g +¢'y) = 0, (Va3 — ¢'z)
Maa T = Yoz — ¢
M32 " Y231 T 2¢/
Using Hooke’s law (49) gives
013279231 = — 2G4,
and using Prandtl’s stress function from (107) gives

Yot ¥y = —2G¢’
Vi = —2G¢ (118)

So we see that the classical compatibility equations are a special case of the more
fundamental Maurer-Cartan equation (111). Notice that we again see a factor of 2 as we did
in (110). The first one results from the divergence of the radial field, and the second results
from the curl of the rotational field. The torque derivation uses (z,y), and the compatibility
derivation uses (—y,z). But the second is just the first rotated by 90°. So the factor of 2 is
not a coincidence.

Series Solution for ¢

The rectangular cross-section requires that the Prandtl stress-function ¢ be written in the
powerful form of a Fourier/Galerkin series (see, e.g., Ike 2024):

SRl N & mnx nm
o(z,y) = Zzwﬂm = ZZamncos[ = ]COS[Fy], [N/m] (119)

m=1 n=1 m=1 n=1

where the coefficients are given by
32G¢ sin(mm/2)sin(nm/2)
wt mnl(m/W) + (n/HY]

As N — oo, the series becomes exact. Notice that when n or m are even, the coefficients
vanish. Notice also that a, , and hence the entire field, are proportional to the twist rate ¢

Write (110) for a single mode

A

W /2 H /2
= 2amnf cos[mmc]d/lf cos [w]dA
"I w2 w —H/2 H

[N/m] (120)

mn

Integrating that mode gives
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mn mn 2
mnm

M = 8aq WH sin [%] sin [n—;]

Summing over all modes as required by (119) then gives

_ S—Zjv:—sm[ ]sm[n;]. (121)

m=1 n=1

We could also substitute the coefficient (120) into (121) and write

ZZ? sin’ m7r/2)sm (nm/2)

m=1n=1 n{(m/W) + (n/HY

The quantity in square brackets we define as J, the effective polar moment of inertia of the
rectangular cross-section, which is a generalization of Iin (93) for the circular shaft. Then

M =GdJ. (123)

— a¢|¥ (122)

So the series has produced J, and the applied torque M will determine the twist rate ¢'.
For the rubber block of this example, the series yields, with N =51,

J = 9.1821x107° +4.8503x 107 +8.521 x 10 ' + .. = 10.143x10 ¥ m*. (124)

We can compare this with the value predicted by the standard approximation (Young and
Budynas 2002):
4

12

Lo
3

J = HW?
H

fora>b

= 9.9805x 10 % m?

which is within 2%.
Then with G =10 MPa for the rubber block of this example, (123) gives the twist rate

¢ = M, 5 Nm
GJ  10MPa (10.143 x 10 %m?)
= 4.93 rad/m.

We can compute the stress field by using (107) and computing the needed derivatives ¢,
and ¢, using (119). This gives

O3 = Py = ZEH mncos[ m]sm[n;y] (125)

m=1 n=1
nwy
Oy = — ZZ—amnsm[ ]cos[ 7 ] (126)
m=1n=1

The torsional shear stress magnitude

T = o5+ 0y5° (127)

is plotted in Figure 3 (left).
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wan Mises (RM/m*2)
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Figure 3. Torsional stress in the mid-span (z = 0.1m) section of the rubber block of
Example 3. (Left: Eq. (127). Right: SolidWorks FEA.)

Also shown in Figure 3 (right) are results of an FEA analysis of pure torsion on the same
rubber block (same G and F) using SolidWorks 2015. After the SolidWorks model began
running, it prompted the user to use its Large Displacement option. But that option failed
during simulation, likely due to excessive displacements. (Later versions of SolidWorks are
reportedly more tolerant of soft materials.) The solution shown on the right in Figure 3 was
obtained with its small displacement option (the default). As its legend shows, the max stress
in that SolidWorks simulation is about 50% higher than that of the exact solution in (125)
and (126) plotted with Excel (Figure 3, left). The SolidWorks FEA plot shows von Mises
stress, but as seen in (156) below, for pure torsion this simplifies to the same form as (127).
In order to apply an even torque distribution to the end face of the block, a rubber
cylindrical hub was added to the model at the free end (shown in the lower right in Figure
3). The torque boundary condition was applied to this hub.

Cross-Section Warping

Torsion causes warping (axial strain) in non-circular sections in order to satisfy the
closure condition dwy =0 in (72). This appears as non-uniform axial strain at a given cross
section. To find the warping of the cross-section, substitute Hooke’s law (49) into (117) again

o o
6 = T2+l 6o = B—dz, (128)
followed by Prandlt’s stress function (107):
2 _ LA
&) = gb’y+E €9 = —¢’x—5. (129)

The compatibility equation (118) ensures that these two gradients integrate to a single €.
But we can, if we wish, define the warping function v

¢ (D) h(zy) = ¢ (130)

49



Morton Continuous analytical elasticity solutions for arbitrary cross-sections & combined loads

so that
P2 1
7’41:y+(}_¢’ 1&2:—1’—G—¢,,
but it is not necessary. Incidentally, differentiating these again gives identities:
o1 Y12
1/’,11 = G_qb’ 1/’,22 == G_¢/
that show that the warping function is harmonic since:
7/’,11 + w,22 =0.
Now differentiate (119) as needed to substitute into (129), and integrate to get
(o]
) = ¢y — 1 Wi [@]sin[w] + fiz 131
& ¢'zy W;O Y T 7| T 9 (131)

The two equations of (129) show the integration constant fis not a function of z or y. So, for
example, for the corner point r =[0.01, 0.025, 0.1] in the cross-section of the rubber block,
this series, with N = 51, yields a warping strain [neglecting axial compression f(z)] of

&™) = 0.70mm.

Notice that the warping is not imposed using an external moment arm. It appears as the
minimizing translational Maurer-Cartan component. The axial strain of (131) is shown in

Figure 4. For axial warping in pure torsion with constant twist rate ¢’ such as this example,
the gradient of (130) becomes

Ve™ = 'Y, (warping)

The fact that eg"g) = 0 affirms that the amount of axial warping is independent of z.

0.0008

0.0006 ez(l,w) [m]

= 0.0006-0.0008
= 0.0004-0.0006
= 0.0002-0.0004
= 0.0000-0.0002
= -0.0002-0.0000
= -0.0004--0.0002
= -0.0006--0.0004
= -0.0008--0.0006

0.0004 -
0.0002 -
0.0000 -
-0.0002 %
-0.0004 -

-0.0006 -

-0.0008

Figure 4. Axial strain due to torsional warping of the rubber block (all units in m).
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Summary Combined Loading

Bending about e, Bending about e, Torsion about e,
/
0 0 O 0 0 & O/ —¢ 0 &, = ¢/w7x
r,=10 0 -, ri=10 00 ;=1 0 0
, , ) Y
0 K 0 —k, 00 0 0 o %2799
0 0 —y Ezgﬁ)
ny=T43R =0 ny=Ty3R =] 0 =Ty R+e,=¢| z|+| Y
/{/.Ty _/{lyx 0 0
0 0 0 0 0 O 00 —¢y
n=LR=[0 0 0| m=C-R=|0 0 0 n=LR=[|0 0 ¢z
0 mg K,y ny; 0 —Fo, L 00 O
A summary of the values, with no bending about the y-axis, is as follows:
Flj,?)Rj = F12,3R2 = — ¢y (132)
Iy sR, = Iy 3R = Oz (133)
F3j,3Rj = F32,3RQ = Ky (134)
61 =67 [from (131)]
2

6 = &9 + %@[Hj—gﬁ] ffrom (131)]
&3 =1 /(EA)

Then the n values are
g = Dasly + @g = — ¢y
Thy = F21,3R1 + ‘}2\3 = ¢z
Nig = I5;3R, + &3 = Ky + F/(EA) (135)

31 = ZM + &, = egx{)

w E ,|H?
The = Dyl + 65 = 6:&,2) + | ==y (136)
2G 4
My = (mz+m3) = —dy + ¢ (137)
Yoz = (gt m30) = L3R, + éz\s + Tyl + 6,
2
_ w , £ JH o 1
¢x+63’2+2th 1 Y (138)
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Combining all these modes together, we obtain

00 —¢'y 0 0 0
=T-R+€=1[00 ¢a|+]| 0 0 0 . (139)
00 ry E ,|H?
&y 6§Té)+ﬁ QT—?JQ F/(EA)

Constitutive Relation

The local strain energy density is, according to (38),

1 2 1 2 1 2
w = S Eng + §G(7713 +g)” + §G(7723 + 739)” -
By referring to the curvature matrices I' above, we can immediately write

1

(140)
%
+ 5 G(Iy3R, 65+ DR+ 65)
Moments
For moments, take the derivative dw/0T :
p’73 - _8F.3 = ,upq73epeqe3,
where, from (57),
ow
Hygs = A — = Engg Ry, (141)
¢ ory, 4 e
when p =r. And when p =r,
ow
Fogs = 30— - = Gy +m,) R, = GU(I,5R;+e€,5)+ Iy R+ )R . (142)
Pg;

For (141), with ¢ =1,
ow

M3y 3 = ng = E( 3]3R +633)]:‘1

= E(I3 3R + I3 + 6 3) R
Substituting in values from (99) gives
f1 5 = E(=ra+ryt+eqe
and with ¢ =2,
Hgas = E(—rx+r,y+€3)y
For (142), with p =1,

ow

gz = A — (138 + &) + iR + 6 IR
3F1q73

For ¢ =1, we refer to (132) and write (142) as

52



Morton Continuous analytical elasticity solutions for arbitrary cross-sections & combined loads

ow
Hi13 = or.. G(%Rl + Iy 50 + ‘53,1)R1
11,3

= G(=dy + ¢

For ¢ =2, (142) becomes

ow
Hio3 = = G308 +61) R,
Ol 4

= G(—dy + ¢y

With p =2 in (142), we obtain
ow
Hogs = FH = G[(F21,3Rl +%3R2 +§/3) + (%21%] + 63,2)13,1
q7
Referring to (138), with ¢ =1,

0
7= G(F21,3R1+63,2)R1

Ho1s = Oy 4
2
= G|¢'r + e:%) + %ﬁ; HI—yQ] T
and with ¢ =2,
ow
Moo 3 = Gy 3R + o) Ry
’ aF22,3 ’ ’
- E ,|H?
= G|¢s + & + 55n, I_yQ]y

We need not check the case with p = 3 because that case was already done with the normal

strain gradient (since r =3 throughout).

We have now collected all the terms for the expansion
B3 = [413€€€ T [ly3€ €€ + [y 3€€ €3 + [ih)3€ € e

T H313€3€ €3 + [i3)3€5€,€5

Substituting the above values gives

E
(¢'z + Ggg)) bYe K reye e,

2
1 Y

ny = GEY —dyre; + G —dyye eje; + G

H2
I—gf] yes + E(—mya:+fizy+63’3)a:e3e1e3

/ (w) E/
+ G(¢x+e3,2) + QGHI

+ E(=kK,z+ Ky +€3)yese, e

Permuting some pairs of the basis vectors and noting that e, =1 gives
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€3

E ,[H*
”3—G631x+6329+2G oY

+ (n+ %) + =k,

Gy — d'y)y — Yol

L
1 Y

+ E(r, K 1% — K Y — G gr)e + E(ray—ry —633?/)

I] €,e,€,

The interesting aspect of this expression is that torsion (before plane selection) has
become a trivector, the bending parts have become vectors, and the compression vanishes
from the moment object. So the torsion and bending are being separated by grade, not by
introducing separate constitutive laws. The tensor Iy;; appears to be the coordinate
representation of a geometric object whose vector grades encode bending-like effects and
whose trivector grades encode torsional effects. This suggests that the resultants in
B= [, €,ee. can be classified by grade.

With bending only about the a-axis as in the present example, Ky = 0, so

3—G

€3

E H2 5
6315”+63zy+ 2G Y|y

w w E
+ GAEY — Wy —|(@r+ ) + 55w,

L
1 Y

— E(k,zy + 637333) e — E(ﬁgcy2 + 63’31/)62

x] e e,e, (143)

To compute the moments due to bending (or more likely, to solve for the curvature s,
based on the known moment), we extract the vectors of the above relation:
2
M = f G

631:z:—|—6§2)y+ 2ye3dA

26"
—fE(nxxwae&Sx)el dA — fE(/axy2+63’3y)e2dA

Since the domain of integration for the rectangular section is symmetrical, all these terms
integrate out to zero except the term with . So
M = —fEnzyzeQegdA.
A

The three terms that vanished would not have vanished if R were measured from a non-
centroidal point or perhaps if the axial compression were applied off center.

The magnitude of the moment is then

W/2 H/2 3
M = Enz(z)f ydA = f f ydydz = Er( )WH (144)
A 7W/2 H/2
Solving for curvature gives
w() = —&_ _ L (L2 (145)
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To compute the moments due to torsion (or rather compute the associated curvature), we
extract the trivectors of (143):

M= - 631y+y +x +%x+ QEGI;/ [H2 yg]eleQegdA (146)
The integral is
| R Dot L o
so we can write the magAnitude of (146) as

M=GdJ.

Note the difference between this J for this non-circular cross-section under a combined
bending load compared to that in (93).

Forces

For forces, take the derivative dw/0€, where w is given by (140). For reference, the
strain gradients from (134), (135), and (138) are again:

F32,3R2 = KY
N3 = K,y + F/(EA)

W E HQ 2
Vo3 = dr + e§72) + 20 Ii;[—4 —y ] (147)
Then according to (51), the normal force is

wy = [EngdA = E[(k,y + F/(EA))dA
A A

According to (52), the shear forces in the section are:

wlsz713 —Gf%l_ ¢y)dA

w2:Gf'y23 —Gf
A

dA

H2
be + + E/ﬁ

i

The first displacement check that can be done is to compare with the classical formula for
the deflection of a cantilever beam. The curvature x, was computed in (145) for bending
about the z-axis. The bending angle 3 is the integral of curvature in the z direction:

Bending Displacement

z F z
2) = ¢ (s)ds = —L— L —s)ds
3 = [l o
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EU&édA[LZ_"5] e

This is the exact accumulated rotation due to bending. The bending angle at the tip is found
by evaluating it at z = L. This gives
sy = 2
~ 2EI
For this case, we have already computed I in (144) to be I = 2.0833 x 10"m* so that with
a bending force of 30 N as in this example, the bending angle at the tip is
B(L) = 0.096rad/s

And if we want the deflection of the beam at the tip, we can integrate the angle [ in (148)

along the beam:
z L
) = [a0as = [ 7
z) = —
EI
0 0 Y

3
F L
3E1,

Ls ——]ds

which is the well-known formula for the deflection of a cantilever beam.

2.5. Reconstructing the Body from Strains

To get displacements, integrate the dimensionless strain gradient along z. Start with (5)

= ©Or + u. (149)
Since
P = p(z,%,2),
its differential is
op
dp = —du;
P = O,

This is true even when there is no deformation at all. So this is not deformation.

To define physical strain, first define the distance between a point p in the body and the
reference point r in the body:

S =p—r.
Physical strain occurs when this distance changes:
S9—¢ = (P, —1)—(p, — 1)
In differential form, physical strain can be written
dg = dp—dr. (150)
First, write dp by differentiating (149):
dp = (0@r+OJr + du)dz,
Use (28) and (30) to write
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dp = O[T, r + 2= 4+ €]ds, (151)
O,

Most of the information can be gained by reconstructing cross-sections along the z direction;
therefore, we take the following special case:

dp = O[I',- r+—+€]d (152)
z

So according to (150), physical strain is
d¢ = O, -r + ? + €,J]dz — dr.
z b

The integration for ¢ will be long but is entirely doable, and once done, it can be interrogated
quickly and easily to examine various load cases without FEA code.

The components of §, are as follows for the rubber block in combined load:

000 0 000 0 0 —¢ 0 0
000 0 000 0 ¢ 0 K O

§ =1y 0 o £2=1 0 0 & =10 _x o0
&1 G2 w 8.3
000 0 000 0 0 0 0 0

The non-zero elements in § and &, are due to warping of the cross section due to torsion.
Rather than integrate (151) over z and y, the easiest way to account for these is to simply
add these axial strains to €;; so that warping becomes part of the transported strain field.

Displacements for the Combined Loading Example (Example 3)

The combined rotation matrix for Example 3 is

= OH2)O42), (153)

where
cos¢p —sing 0 1 0 0
®, = |sin¢p cos¢ O ®; = |0 cosf —sinf|.
0 0 1 0 sinfB cospf

Since the rotational strain matrices ®,(2) and ®y(z) in (153) do not commute, we must
decide on the load order, or else solve with a simultaneous assumption. The easiest way may
be to allow bending first, then torsion. Doing this puts (153) into the form

cos¢ —singcos sin¢sin G
O(2) = |sing cosgcosB —cos¢sin ).
0 sin (3 cos (3

This rotation matrix is used in the integral of (152):
f@r r—l———i—e]dz—(r—ro), (154)

where the constant of integration is
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T —x 0
r—r =|y—y| =10
z— 2z z—0

since integration is only in the z direction while z and y remain fixed during integration.

The combined curvature matrix is

0 —¢ 0
Ly=1¢0 0 -—r,
0 &, 0
Therefore,
—¢'y 0
For = |dz—rKye and €; = 0
R,y 63,3
Then
- —¢'y 0 0
: Ry 1 3

So the right side of (152) is
—@'y cos ¢ —sin ¢ cos B(¢'z — K,2) +sin ¢sin B (kY + 1+ €5,)
O, r + % + gz] = |—¢'ysin ¢ + cos ¢ cos B(¢'r — K,2) — cos ¢sin B (k,y + 1+ €5)
sin B(¢'z — k,2) + cos B(ky + 1+ 63) — 2

Therefore, the displacement is
—y¢' [ cos(¢'z)dz — cos B[ sin(¢'2)(¢'z — k2)dz + [sin(¢2)B(k,y +1+ €5)dz
Ag = |—y¢/[sin(¢/z)dz + cos B[ cos(¢'z) (¢'z — k,2)dz — [cos(¢2)B(k,y + 1+ €z)dz| (155)
[ B(¢'x — k,2)dz + cos B[ (k,y + 1+ €5)dz — 2

The first term of the z-component is —ysin(¢z). The middle term of the z-component is
found by substituting (145) and (148) into it:

—cos ﬁf sin(¢'2)(¢'z — k,2)dz
= —cosf [qﬁ/xf sin(¢'z)dz — f sin(¢'z) /@mzdz]

= —cosf

qﬁ/a:f sin(¢/z)dz — Eijfxfsin(qb’z)(Lz — ) dz

o B Ll cos(d2) sin(¢2)| F cos(¢'2) sin(¢’z) . cos(¢z)
:—cosﬁ{—xcos(qﬁz)—i—z p + o E}t_zZ y + 22 iz +2 e

Therefore, middle term of the z-component is
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—cos Bf sin(¢'2)(¢'z — k,2)d2

E
= cosf3 {z[cos(qb/z) -1+ ﬁ

(=19 g U o[l

The last term of the z-component is found in like manner:

fsin(qﬁ’z)ﬂ(ﬁxy +1+¢g5)dz

. / }Z/ 22 I(;J
= fSlIl(QZSZ)E—Ix LZ—E E(L_Z)y+1+%3 dz
F A(EL F
= —L | sin(¢/2)| L2 - = y—y—l—l—l— _ Y4z
3
EI 2 ||\ B EI

F FLy 3FL 2 Fy
= ¥ | sin(d )| ==L 11 Lz—|—¥~2 11 A LA 1 |
Efxfsm(m)[ﬂ * +633] ¢ [EIx * +633]2+2Elxz
Integrating, this z-component becomes

By
EI

F
f sin(¢'2) B(k,y +1+ gz)dz = ﬁ{[

3F, Ly Zcos(¢'z)  sin(¢z)  cos(¢'z) ’
+[EUII +1+€33]_ O |
Ey cos(¢'2) sin(¢'z) cos(¢'z)  sin(¢/2)|
* 2Ey’Ix o ¢ +32° e +62 PE —6 ! )

The first term of the y-component is ycos(¢/z)|§. The middle term of the y-component is
Cos ﬂf sin(¢'2)(¢'z — k,2)dz
= cosﬁ[gb/xf cos(¢'z)dz — fcos(qﬂ/z)/fmzdz]

= cosf

'z [ cos(¢/z)dz — Eii;tfcos(gb'z)(Lz —)dz

. ,an BL| sin(¢'z)  cos(¢2) © sin(¢'z) cos(¢'z) . sin(¢'2) ’
= cosﬂ{xsm(gb Z)_ELIL z py + e +E—j_’x 2 7 2 & - & L
Evaluating at the limits gives
cos 3 f sin(¢'2)(¢'z — k,2)dz
= cosf} {x sin(¢'2) + EF]% (2% — L2) Sin(gflz) + L-(L _5;) cos(¢) _ 2 Sin;/f/z) ]
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The last term of the y-component is found in like manner:

—f cos(¢'2)B(k,y + 1+ €)dz

o8 P VS 1 d
= fCOS(¢Z)E[ -y E_Ix( —2)y+1+€y|dz
F A[(FL F
= ——2L | cos(¢'2) Lz— = yy—l—l—l— 5| —=2=z|dz
EI, 2 J|\ EI, EI
E E Ly 2 Fy
- __Y y 1 Lz — y Yy 3 d
Hw<mW@&%+—+%]z[ +—+J2+ﬁi 2
Integrating gives
E |(F Ly sin(¢'z)  cos(¢'z
T X 0
— [%4‘14-63 ]Z_ ( )_i_ZCOS(f/z)_Sin((éﬁ/z) 2
EICIZ 2 ¢ ¢/ ¢/ 0

Fy
2FI,

. / . / /

3 smg(;/b 2) 432 Cos(,gzb 2) 62 sm(/qg Z) 6 col(/ib 2)
¢ ¢

The zcomponent can be re-written using (148) and (145) as

fﬁ(qﬁ'm —r,2)dz + cos ,Bf(hx y+1+65)dz

+

]

2 3 F F 2 F, Ly F y ;2
qb Lz ¢x+_ z +§—yLz4 SR cos 3 _ Y=
2 kI |3 8EI EI, 10 EI EI 2

For evaluation purposes, one corner of the rubber block at the midspan and one at the
tip will be evaluated. The displacements in (155), evaluated at the points

p =(0.01,0.025,0.10), p =(0.01,0.025,0.20), and p = (0.0,0.0,0.2)

are
—8.41 mm 6.20 mm —10.13 mm

Ag = |—14.54mm|, Ag = [—35.21 mm|, Ag = |—15.61 mm]|.
1.13mm 0.55 mm —1.52mm

These and other points are plotted in Figure 5 to depict the rubber block of Example 3 in its
deformed condition.
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Figure 5. Reconstruction of rubber block of Example 3 (spatial units in mm).
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Figure 6. Surface plot of von Mises stress in the section at the mid-span (z =0.1m) of
the rubber block of Example 3 under combined loading.

Figure 6 shows a plot of the von Mises stress, given by

1
Tym = \/é[(an — o)’ (99 — 0g)” + (035 — ‘711)2] (07" 035" + 03,7 (156)

in a section of the rubber block of Example 3. We apply Hooke’s law (50) to obtain o;, from
(125), 0,5 from (126), and o045 from (135). In this example, the torsional stress is nearly an
order of magnitude larger than the other stresses.
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3. Conclusion
The configuration of a body is represented in (3) as a strictly an SE(3)-valued field, with

© € SE(3), u e R?. The strain field £ is an se(3)-valued Maurer-Cartan form:

' €

£=1 o

9

that provides a geometrically exact representation of coupled rotational and translational
deformation, consistent with established Cosserat and geometric rod theories. However, in
classical SE(3)-based formulations, constitutive laws are typically defined directly on the Lie
algebra-valued strain variables, without explicit incorporation of cross-sectional geometry at
the constitutive level. In such approaches, sectional quantities such as bending and torsional
stiffness arise only after separate spatial integration over the cross-section.

The present work introduced an additional affine coupling between this Lie-algebra strain
and an intrinsic cross-sectional position field R, leading to a strain measure of the form
m, =TI, R+ €. The resulting strain measure embeds geometric structure directly into the
constitutive level. This affine coupling led to classical sectional stiffness quantities, such as
axial, bending, and torsional stiffness, emerging as geometric invariants of the affine strain
field rather than as independently prescribed constitutive parameters. Warping and force—
moment coupling arise naturally from this affine structure without introducing separate
moment-arm constructions.
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