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Helical vortex rings in the wake of a disk

Thad S. Morton

The structure of the wake behind a circular disk is examined in numerical solutions
for Re = 50, 100, and 120. A slowly reversing helical (swirling) vortex was found to
exist in the steady numerical solutions at these flow speeds, which are generally
regarded as steady and axisymmetric. The nested stream surfaces resemble Reeb
foliations. The loss in fore/aft symmetry of the pressure field due to the viscous
term may be associated with the azimuthal drift seen in the streamlines.

1. Introduction

Suppose you are a fluid particle trapped in the wake vortex trailing a circular disk held
normal to a uniform flow. How many times could you expect to loop around in the vortex
before being finally released into the downstream field? If the answer is, say, 100 times,
would you expect to travel the exact same loop 100 times? If your paths were exactly the
same all 100 times, what would change on the 101st time around that would allow you to
finally exit? If the flow is strictly axisymmetric, then whatever this change is, it cannot occur
in the azimuthal direction. If the spherical vortex of Hill (1894) is any indication of the
behaviour of the flow, the viscous influence on the pressure field might bear some of the
responsibility for almost imperceptible swirl arises in flows regarded as axisymmetric.

As with the wake of a sphere and a cube, there is a critical Reynolds number for flow
past a normal disk, above which swirl appears, and the wake vortex takes on an asymmetric
form while remaining steady. The critical Reynolds number above which axisymmetry in a
disk wake is lost is denoted Ren, . After this critical Reynolds number is exceeded, the flow
remains steady until a second critical Reynolds number, Regy, , is exceeded and the flow
becomes unsteady. Fernandes et al. (2007) reported that for flow normal to a disk, these
critical Reynolds numbers are given by

Repy = 116.5(1 + X_l) (loss of axisymmetry) (1)

Reqy = 125.6(1+ Y, (loss of steady flow) (2)

where x = D/t is the ratio of the cylinder diameter to the cylinder height (or disk diameter
to disk thickness).

Marshall & Stanton (1931) reported that the onset of unsteadiness in the wake of a disk
with y =10 occurred at Re ~195 (see also Stanton and Marshall 1932), which is delayed
somewhat according to (1) and (2).

Magarvey and Bishop (1961) found that when Reynolds number for flow past a sphere
exceeds approximately 200, the wake bubble undergoes a distortion into an asymmetrical
shape so that an entirely different quasi-steady flow field results. Clear depictions of this
phenomenon are shown by Johnson and Patel (1999) for the sphere and Saha (2004) for the
cube. Johnson and Patel verified the findings of Magarvey and Bishop and found that for the
sphere, Req; = 210 and Rey, = 290. Saha (2004) found that for flow past a cube, Re,, was
between 216 and 218 and Req, was between 265 and 270.
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Natarajan and Acrivos (1993) analyzed the axisymmetric steady Navier—Stokes solution
for flow past a normal circular disk and found a linear instability of the axisymmetric steady
base flow (the real part of the eigenvalue became positive) at Re, = 58.25, meaning that at
this Reynolds number, the axisymmetric steady solution becomes unstable to a steady
3D/asymmetric mode. They also followed that branch and found a second complex
eigenvalue crossing into the right half-plane; however, once the Reynolds number exceeds
Re, , the axisymmetric base flow is no longer physically realized. The system instead moves
onto a new asymmetric steady branch, so their second critical value of Re, = 62.8 is not as
physically relevant (Fabre, Auguste, and Magnaudet 2008).

The numerical solution of Shenoy and Kleinstreuer (2008) for flow past a circular disk
with y =10 showed steady, axisymmetric flow for (10 < Re < 135), and unsteady,
asymmetric flow structure for Re > 135, in agreement with (1) and (2).

Yang et al. (2014) found for x =5 the first bifurcation at Re, =120, leading to the
steady state mode with a reflectional symmetry and a double-thread wake extending to the
downstream. They found a Hopf bifurcation at Re =152, at which planar symmetry was
lost, and a third bifurcation at Re = 166.

At higher speeds (in the range 1.5x10* < Re <3x10°), Berger et al. (1990) found three
frequencies in a disk wake: one at a very low Strouhal number of S, = fiD/v. = 0.05 due to
an axisymmetric pulsation of the recirculation bubble, one at S = 0.135 associated with
“antisymmetric” fluctuations induced by a helical vortex structure, and a higher frequency
instability at S; =125 . By “antisymmetric,” Berger et al. were referring to a frequency
alternating across the central axis of symmetry at, or about, 180° apart. From the magnitude
of their reported S, , it was almost certainly due to the primary vortex shedding, which can
be approximated conceptually by S ~ n/(27), where n is the number of vortices shed per
shedding cycle (Morton 2007, Levi 1983). For axisymmetric flow, n =1, and for planar flow,
n=2. Tian et al (2016) obtained S, =0.01, S, =0.148, and S; ~ 0.8-1.35, and showed
probably the clearest view and most quantitative description of the mean wake bubble
trailing the normal disk with x = 50, including velocity profiles and kinetic energy profiles.

Table 1 shows Strouhal numbers found for flow past circular disks at various Reynolds
numbers. Studies of falling disks are not included in the table.
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X Study Re Sty St, St, | Source
5 LES 152, 172 0.1132 25t, | Yang et al. (2014)
10 DNS 160, 180 0.113 2S5t | Shenoy & Kleinstreuer (2008)
3 DNS 179.8 0.109 Auguste et al. (2010)
~10 | Experiment 191 0.128 Marshall & Stanton (1931)
~10 | Experiment 197 0.121 Marshall & Stanton (1931)
~10 | Experiment 199 0.124 Marshall & Stanton (1931)
~10 | Experiment 200 0.117 Marshall & Stanton (1931)
5 LES 270 0.035| 0.1355 25t, | Yang et al. (2014)
10 DNS 300 0.041 0.122 25t, | Shenoy & Kleinstreuer (2008)
Experiment |1.58 x 10* 0.14 Hwang & Baldwin (1966)
3.5x10*
32 | Experiment | - 5 :104 0.136 Calvert (1967)
~10 | Experiment | 5 X 104 0.14 25t | Fuchs et al. (1979)
10, 14 | Experiment |10* ~ 10° 0-135-0.149 Miau et al. (1997)
(linear)
Experiment | 1.9 x 10* 0.135 Hwang & Baldwin (1996)
Experiment | 7.8 x10? 0.135 Roberts (1973)
50 | Experiment | 1.4 x 10° 0.138 Lee & Bearman (1992)
50 LES | 1.5x10° | 0.01 | 0.148 Tian et al. (2016)
43 | Experiment | 1.4 x10° | 0.05 0.135 128 | Berger et al. (1990)
67 | Experiment | 1.9%x10° | 0.05 0.135 128, | Berger et al. (1990)
67 | Experiment | 2.5x10° | 0.05 0.135 128, | Berger et al. (1990)

Table 1. Strouhal numbers for normal disks at various Reynolds numbers.

2. Solution Grid

A section of the 3-D mesh generated using automatic mesh refinement in SolidWorks
Flow Simulation is shown in Figure 1 and Figure 2.
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Figure 1. Section from the computational grid used for flow normal to a disk
using SolidWorks Flow Simulations’ automatic 3-D mesh refinement.
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Figure 2. Close-up view of Figure 1. Number of computational cells: 619,366.
Re =120.
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3. Results

In the present study, steady numerical solutions were obtained for flow normal to a
sharp-edged circular disk for Re =50, 100, and 120 (with Reynolds number based on disk
diameter of D =0.1m) using commercially available SolidWorks Flow Simulation software.
The drag coefficients for all cases of the present study are shown plotted in Figure 3 along
with the measurements of Willmarth et al. (1964) and Roos and Willmarth (1971), and the
numerical simulations of Nitin and Chhabra (2005) and Mishra et al. (2019).
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Figure 3. Drag coefficient of a disk normal to the flow.

(a) (b)

Figure 4. Wake vortex behind a circular disk at Re = 50 showing weak swirl in
the azimuthal direction. The color scales of all streamlines represent velocity
magnitude. (a) Side view. (b) Rear view. Number of computational cells:
1,897,313. ¢;, =1.63.
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It was found that steady helical structures arise in the wake of the circular disk at
Reynolds numbers as low as 50. Results for flow past a disk at Re =50 shown in Figure 4
indicate a gradual swirl developing in the azimuthal direction, as do the results for Re =100
shown in Figure 5.

Even for the flows that are steady and below the first critical Reynolds number where
axisymmetry holds, if a single streamline is tracked for long time, the steady solution shows
that the streamline creates a very gradual foliation, or azimuthal drift, within the toroidal
vortex in the disk’s wake bubble. The slight deviation from axisymmetry due to very gradual
swirl in the wake bubble trailing the disk appears to begin at Reynolds numbers as low as 45.

In the solutions of this study, there is no vortex shedding, so the flows could be construed
as steady. If the wake were sectioned through the symmetry axis, the view would be
indistinguishable from an axisymmetric flow. In fact, this flow may have cyclic symmetry
about the axis because the swirl pattern is repeated at other angles around the axis.

The flow at Re =100 in Figure 6 shows a slowly reversing helix. The azimuthal
migration of the flow is so gradual that a section containing the axis will not reveal it. Figure
6 shows foliations within the toroidal flow. These resemble Reeb foliations (Reeb 1952; see
Lawson 1974 p. 378; Candel and Conlon 2000 Chapter 5), but Reeb foliations spiral
continually outward and bunch up near the outer boundary of the torus (Bachman 2012, p.
80). The foliations in the wake of the circular disk, on the other hand, reverse course near the
outer boundary. However, a shape similar to the trumpet shape seen on the right side in
Figure 6 is depicted for a Reeb foliation by Camacho and Neto (1984, p. 45).

The gradual azimuthal drift of the streamlines seen in Figure 5 and Figure 6 are
reminiscent of the “Yin-Yang” wake pattern mentioned in the landmark study by Auguste et
al. (2010) in connection with their flow at Re =195.
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Figure 5. Wake vortex behind a circular disk at Re =100 showing weak swirl in
the azimuthal direction. Four of the six streamlines have begun slowly tracing
out vortex tubes. Number of computational cells: 604,190. » =1.818 x 10~° m? /s,
c, =1.307.
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Figure 6. Steady numerical solution of the flow behind a circular disk at
Re =100 . The swirl exhibits a slow reversal from counterclockwise on the
outside to clockwise near the core circle. v =1.818 X107 m2/s, ¢, =1.307.

Figure 7(a) and (c) show a single streamline in the wake of a circular disk at Re = 120.
The diameter-to-thickness ratio in the present study was x = 40. According to the formula
in (1), Res; =119 (or less, since the disk thickness even decreased to a sharp edge), and
using x =40 in (2) yields Ren, =128.6. So the flow observed in the present study agrees
with the findings of Fernandes et al. (2007)—the flow at Re =120 was steady but
asymmetric.

The angled plane approximately sketched out by the streamline in Figure 7 appears to
divide the wake bubble in half, with streamlines appearing on one side of it remaining
trapped on that side. This is shown in Figure 7(b), wherein a second streamline remains
entirely confined to the left side of the plane. Figure 7(c) and (d) show side views of the flows
in Figure 7(a) and (b), respectively.

Jeffreys (1930) conjectured that “A single helical vortex is not a possible wake” because
of the circulation theorem. In a study of the near wake behind spheres and disks, Berger et
al. (1990) noted that, contrary to Jeffreys’ conjecture, helical vortices can, in fact, exist and
that the circulation theorem can be seriously violated by turbulent diffusion.

Although Jeffreys (1930) concluded that “it appears... that the wake cannot consist of a
helical vortex or a combination of two helical vortices,” the following remarks by him, while
made in connection with the von Kdarman vortex street, are interesting in the present context
in light of the swirl reversals found here in the wake of a disk: “The alternative mechanism
seems to be that the whole of the vorticity passes down the helix, but turns round and comes
back along the axis... There are two possible ways of combining helical vortices so as to keep
the circulation zero about a circle drawn in the fluid that has not been near the solid. Two
helices may be wound on the same cylinder. If they twist in opposite senses, they intersect
twice in each turn about the axis of the helix... If they twist in the same sense and do not
intersect, we have two parallel helices on the same cylinder with the vorticity in the one just
balancing that in the other.”
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Figure 7. Wake behind a disk at Re =120. (a) and (b): view from downstream
looking upstream. In (a) and (c) a single streamline is shown. In (b) and (d), the
same streamline is shown along with a second streamline which appears to never
crosses the plane preferred by the first streamline. Number of computational
cells: 619,366. v =1.338x10" m2/s, cp, =125.

4. Discussion

At least since the publication of the initial treatise by Syred and Beér (1974) on swirl-
stabilized combustors, it has been known that swirl has a stabilizing effect on axisymmetric
vortices. Since that time, interest in this topic has steadily increased (see, e.g., Pipitone &
Mancuso 2005, Syred 2006, Stohr et al. 2011). Today, the fact that swirl increases the
stability of a vortex is relied upon heavily in the design of swirl-stabilized combustors (see,
e.g., Palies et al. 2009, Liickoff et al. 2018). It is noteworthy that a steady vortex ring can be
produced experimentally with a certain critical magnitude of swirl imparted during
formation, but that unsteady oscillations are produced for swirl magnitudes greater or less
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than this amount (Turkington 1989). The closest solution we have to the axisymmetric
vortex in the wake bubble trailing normal disks is the spherical vortex of Hill (1894). Its
velocity field and vorticity field have fore-aft symmetry; however, its pressure field does not.
Therefore, this asymmetry is worthy of examination.

4.1 Hill’s Spherical Vortex
1. Velocity Field

Hill’s spherical vortex can be examined phenomena potentially associated with the loss in
axisymmetry in the disk wake. To get the velocity field in Hill’s spherical vortex, define
components ' of a spherical coordinate system as follows:

z = 2' = #'sin(3*)cos(?)
y = 2* = ' sin(3?)sin(3?)
z =1 = 7' cos(3?)

=3

Here, # =~Na? + 1> + 22 =r, 32 =0, and 7
shown in Figure 8.
From the transformation above, the metric tensor J;; relating the spherical coordinate

system to a rectangular system is found to be
1 0 0

= ¢ . The spherical coordinate system is

g, =10 ™ 0
0 0 7r2sin’6

&

Figure 8. Spherical coordinate system used for Hill’s spherical vortex.
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Figure 9. Streamlines of Hill’s spherical vortex. Shown is any cross section
through the sphere center containing the forward and rear stagnation points A
and B, respectively.

Streamlines on a cross section of the core of Hill’s spherical vortex are shown in Figure 9.
The velocity tensor field inside Hill’s spherical vortex is given in spherical coordinates by
Morton (2004):

2 1
=L Zlsine, =0, (3)
RS T

where vy is the maximum velocity on the perimeter of the sphere (where r = Ry ).

7’2 2
~1 _ =2
U= vyl RZCOSQ, 7T = vy
H

If the velocity field in (3) is transformed to cylindrical coordinates (R,0,z), defined by
(see Morton 2016)

~1

2t =2z =rcosb =

cos(7?)
i = R = rsinf = 7' sin(3?%) (4)
:%3 — (ZS — j?)’

then on any plane made by holding ¢ constant, the velocity field given in (3) becomes
. R .
2 o 3

2 2
1—[1] —2[£] v ——, =0, (5)
RH RH RH2

This form will be more useful for examining streamwise effects.

o B —
U= vy

)

2. Pressure Field

To examine the pressure field in the core of Hill’s spherical vortex, the velocity field can
be substituted into the momentum equation, which is then integrated. The momentum
equation that is valid for compressible flow with constant viscosity is:

0 1 1
Ve =g — 2V + |V + —V(V-v), (6)
ot 0 3

10
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Here, v is the kinematic viscosity of the fluid, and p is the fluid density. Since Hill’s spherical
vortex is an incompressible flow, the last term in brackets is zero.

To find the pressure field in the core of the vortex, the velocity in (5) is substituted into
(6), which is then integrated to find the pressure. The result is
4 2 2 4

S G U S S PR (7)

yeor 2Ry 2Ry Ry 2Ry 8 vy Ry
Here, Ap = (p — p,) is the pressure difference between any point in the vortex and the
pressure p, at stationary points on the core circle (where R = Ry /N2, z=0). The
pressure distribution in (7) agrees with that reported by Llewellyn Smith and Ford (2001) for
the core of their spherical vortex, with the exception of the viscous term since they employed
the Euler equations. A surface plot of the pressure field in the spherical vortex is shown in
Figure 10, revealing two pressure maxima at (r=R, /N2, 0 =0,7). It is imperceptible in
the figure, but the pressure at point B does not quite return to the maximum at point A.
This is because in (7), the viscous contribution to the pressure field contains the coordinate z,
which is the streamwise distance from what would otherwise be a symmetry axis. Therefore,
the effect of the viscous term is to break mirror symmetry about the gy-axis. Since the
pressure at B is lower than that at A, fore/aft symmetry is absent even in what looks like a
symmetric flow. It only becomes apparent to the observer when the vortex loses its
axisymmetry at Req -

Point B. Point A.
Downstream, he Upstream,
where pressure where pressure
is lower 05 is maximum

AP 0.4
2
Py

e
0.2

01

06
0.4 02

Z/RH ) =t 0B

Figure 10. Surface plot of pressure field in Hill’s spherical vortex. The surface for
which the pressure is plotted is any cross section containing a closed streamline.
Contours of pressure are shown projected onto the zy plane. v = 1074,

11
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3. Vorticity Field

In the spherical coordinate system, the vorticity tensor is uniform (see Morton 2004) and
given by

ot =0, &* =0, & = bvy /R, (8)
and the physical vorticity is proportional to distance from the symmetry axis:
GB3) gy = 3@ = RD*.

Note, therefore, that even though »V?w = 0, it is not true that »V?v = 0. Taking the curl
of the momentum equation washes out some information about the viscous term in the
resulting vorticity equation. So while Hill’s spherical vortex is sometimes referred to in the
literature as an inviscid solution, the core is actually a viscous flow. The viscous nature of the
core of Hill’s spherical vortex was first recognized by Hadamard (1911; see also O’Brien
1961).

The core of the spherical vortex is a flow in which the velocity, and hence the vorticity,
has fore/aft symmetry, while the pressure field does not, as seen in (7). This asymmetric
pressure field means that a fluid particle initially at a high pressure near the disk (close to
p, ) sees pressure drop as it travels rearward until it passes the core circle, after which point
it sees pressure begin to increase again. However, due to viscous effects, it does not attain the
high pressure it saw near point A. Instead, it only attains a pressure close to pj. (Recall
that p, > py). Now the question is: Having failed, near point B, to completely attain the
pressure it had near point A, will it then be able to return back to the point near A and still
fully recover the highest pressure in the loop, or will its pressure loss cause it to be diverted
slightly along its path? The CFD runs above suggest the latter.

5. Conclusion

The wake structure behind a normal circular disk is investigated numerically. An
interesting reversing helical vortex ring was found to exist for Reynolds numbers between 50
and 120, with nested stream surfaces resembling Reeb foliations. The fore/aft asymmetry in
the pressure field may be a contributor to the streamline drift seen in these flows generally
regarded as steady and axisymmetric.
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