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In this paper we introduced the concepts of (@, p)-univexity. Here, we considered a dual
model associated with a multiobjective programming problem involving support functions. A
weak duality result is established under appropriate (@, p)-univexity conditions.
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1. Introduction

For nonlinear programming problems, a number of duals have been suggested, among
which the Wolfe dual (Dorn 1960, 1961) is well known. While studying duality under
generalized convexity, Mond & Weir (1981) proposed a number of different duals for
nonlinear programming problems with nonnegative variables and proved various duality
theorems under appropriate pseudo-convexity/quasi-convexity assumptions.

For &(z,a,(y,7)) = F(z,a;y) + rd*(z,a), where F(z,a;.) is sublinear on R", the defini-
tion of (@, p)-invexity reduces to the definition of (F,p)-convexity introduced by Preda
(1992), from which Jeyakumar (1985) generalizes the concepts of F-convexity andp-
invexity. For more details, the reader may consult Chandra & Hussain (1981), Chandra
et al. (1985, 1998), Chandra & Prasad (1993), Craven (1977), Gulati et al. (1997), Unger
& Hunter (1974), Preda (1992), Vial (1983), Jeyakumar (1985), Mond & Weir (1981),
Hanson & Mond (1982), Weir & Mond (1988), Mishra (1998), Xu (1995), Ojha (2005),
Ojha and Mukherjee (2006) for duality under generalized (F,p)-convexity, and Liang et
al. (2003) and Hachimi (2004) for optimality criteria and duality involving (F,a,p,d)-
convexity or generalized (F,a, p,d)-type functions.

The (F,p)-convexity was recently generalized to (®,p)-invexity by Caristi, Ferrara,
& Stefanescu (2006), and here we will use this concept to extend some theoretical results
of multiobjective programming. Whenever the objective function and all active restriction
functions satisfy simultaneously the same generalized invexity at a Kuhn-Tucker point
which is an optimum condition, then all these functions should satisfy the usual invexity
too. This is not the case in multiobjective programming; Ferrara & Stefanescu (2008)
showed that the sufficiency Kuhn-Tucker condition can be proved under (@, p)-invexity,
even if Hanson’s invexity is not satisfied (Puglisi 2009).

Therefore, the results of this paper are real extensions of similar results known in the
literature. In §2 we define the (@, p)-univexity. In §3 we consider a class of multiobjective
programming problems, and for the dual model we prove a weak duality result and
strong duality.
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2. Notations and Preliminaries

We denote by R" the n-dimensional Euclidean space, and by R" its nonnegative
orthant. Further, R! = {z € R|x > 0}. For any vectors z € R", y € R", we denote
oty = Z?lez.yi. Let ¢ C R" be a compact convex set. The support function of C is
defined by s(z | C) = max{z’y | y € C}. Being convex and everywhere finite, it has a sub
differential; that is, there exist z € R" such that s(y|C) > s(z|C)+ 2" (y —z) for all
y € C'. The sub differentials of s(z | C) is given by 9s(z1C) = {2z € C | 2"z = s(z | O)}.
For any set D C R", the normal cone to D at a point 2 € D is defined by N,(z) =
{y € R"1y" (z —2) <0, forall z€ D}. For a compact convex set C' we obviously have
y € N, (z) if and only if s(y | C) = 2"y, or equivalently, if z € ds(y | C).

We consider f: X — R?, g: X — R? to be differential functions and X C R" to be
an open set. We define the following multiobjective programming problem:

(P) minimize

subject to
g(r) <0,z €X CR"

Here, ‘(P) minimize’ stands for finding the collection of (properly) efficient points defined
below. Let z and y be two vectors in R"; we use the following convention: z <y if and
only if », <y,i1=12.3,.,.,n;z <y if and only if z <y but z = y; r <y if and only if
z, <y 1=123,.,.,n. Let X, be the set of all feasible solutions of (P); that is,
X, ={z € X|g(x) < 0}. We quote some definitions and also give some new ones.

Definition 2.1

A vector a € X is said to be an efficient solution of problem (P) if there exits no
z € X, such that f(z) < f(a), f(z) = f(a).

Definition 2.2

A point a € X, is said to be a weakly efficient solution of problem (P) if there is no
z € X, such that f(z) < f(a).

Definition 2.3

A point @ € X, is said to be a properly efficient solution of (P) if it is efficient and there
exists a positive constant K such that for each r € X, and for each i€ {1,2....p}
satisfying f.(z) < f.(a) , there exists at least one j € {1,2.....p} such that f.(a) < f.(x)
and JZ(a)—JE(z)SK(fJ(:E)—fJ(a)) J J

Denoting by WE(P), E(P), and PE(P) the sets of all weakly efficient, efficient, and
properly efficient solutions of (P), we have PE(P)C E(P) C WE(P). We denote by
Vf(a) the gradient vector at a of a differentiable function f: X — R, and by V?f(a)
the Hessian matrix of f at a. For a real-valued twice differentiable function (z,y)
defined on an open set (a,b) in X x X, we denote by V_1(a,b) the gradient vector of
with respect to z at (a,b), and by V_1(a,b) the Hessian matrix with respect to z at
(a,b). Similarly, we may define V,,¥(a,b) and V (a,b).
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Let f:X — R be a differentiable function (X C R"), X, C X, and a€ X. An
element of the (n+1)-dimensional Euclidean Space R"™*! is represented as the ordered
pair (z, r) with z€R" and r € R, p is a real number, and @ is a real-valued function
defined on X x X x R"", such that @(z,q,.) is convex on R"*' and ®(z,a,(0,7)) > 0
for every (z,a) € X x X, and r € R,_. Nonnegative functions b, and b are defined on
XxX.9Y,¢ :R— R.

We assume that 4,1:R — R satisfying v <0 = ¢,(u) <0 and «<0= ¢ (u)<0
and by(z,a) > 0 and b (z,a) >0 and 9,(a) = —¢)y(a) and ¥ (—a) = =9, (a).

Example 2.1
min f(z) =2z —1

g(r) = -2 —-1<0,2 € X, €[L,00)

(z,a;(y, 7)) = 22" = D]z —a| +(y, z—a), for Y (zr)=2, ¢ (z)=—-x, p, =1/2 (for f)
and p =1 (for g), then this is (@, p)-univex, but it is not (&, p)-invex.

Definition 2.4

A real-valued twice differentiable function f(.,y): X x X — R is said to be (&, p)-univex
at ue X, ifforall b: XxX - R, : X x X xR"™ — R, p, is a real number (for it
component of f), we have

b(l‘, U)W{fl(l’a y) - f;(ua y)}} i @(IL‘,U,(V.}L;(U, y)vpz')) (21)

Definition 2.5

A real-valued twice differentiable function f(.,y): X x X — R is said to be (®,p)-
pseudounivex at a € X, if for all b: X x X — R _, &: XxXxR"™ - R, p; is a real
number (for i component of f), we have

D(z,u; (Vi (u,9),0,))= 0 = bz, u)[Y{f(z,y) — f(u,y)}] = 0 (2.2)

Definition 2.6

A real-valued twice differentiable function f(.,y): X x X — R is said to be (@, p)-quasi-
univex at a € X with respect to p € R",ifforall b: X x X — R_,
d: XxXxR"" — R, p; is a real number (for i component of f), we have

b(SE, u) [Q/J{Ji(l'» y) - fz(uv y)}] é 0= @(xa U; (sz(u? y)api)) é 0 (2'3)

Remark 2.1

(i) If we consider the case b =1, &(z,u;(Vf(u),p)) = F(z,u;Vf(u)) (with F sublinear in
the third argument, then the above definition reduces to F-convexity).

(ii) When &(z,u;(Vf(u),p)) = F(z,u;Vf(u)) = n(z,u)" Vf(u), where n: X x X — R", the
above definition reduces to 7 -(pseudo/quasi)-convexity.

A real valued twice differentiable function f is (@, p)-pseudounicave if —f is (®,p)-
pseudounivex.



Ojha Duality for nondifferentiable multiobjective programming involving (phi, rho)-univexity

3. Mond-Weir Type Symmetric Duality

We consider here the following pair of nondifferentiable multiobjective mathematical
programs and establish weak, strong duality theorems.

(MP) Minimize {f(z,y) + S(z / C,) — y"2,}

subject to
Z)‘i[vyﬁ(% y) - ZZ)] § 0 (3.1)
i=1
v DAY f(y) - )] 2 0 (3.2)
i=1
z,€Di=12.,.,r (3.3)
A>0, Me=1 (3.4)
z20. (3.5)
(MD) Maximize {f,(u,v) — S(v / D,) + u"w,}
subject to
DAV (u0) +w)] 2 0 (3.6)
i=1
TZ)\Vf(uv +w,)] <0 (3.7)
w, € C.,i =1,2,.,.,7 (3.8)
A>0, Me=1 (3.9)
vz0. (3.10)

Here, e(1,1,1,.,.,1)" € R\ € R, i=12.,.,r and f, i =12,.,.,r are twice differentiable
functions from R" x R" — R, D, and C,, i = 1,2,.,.,r are compact convex sets in R",
and b, = R" x R™ x R" x R"™ — R_.

Remark 3.1

Since the objective functions of (MP) and (MD) contain the support functions s(z|C))
and s(v|D,), i =1,2,.,.,p, these problems are nondifferentiable multiobjective program-
ming problems.

Theorem 3.1 (Weak duality)
Let (2,9, 2, 2,,.,.,2,) be a feasible solution of (MP) and (u,v,\,w,,w,,.,.,w ) a feasible
solution of (MD) and

i) Z)\Z[fl(,v) + () w,] is (®,, p)-univex at u for fixed v,

(ii) Z)\7 [f(z,.)—()"2,] is (D, p)-unicave at y for fixed z,
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(iii) D,(z,u;(&p)) +u'€ >0, where ¢ = Z)\i[vufi(u, v) + w,|, and

=1

(iv) @,(v,5:(Cp) +97C 20, for ¢ = 3 AV, fi@,y) = 2],
Then f(z,y)+ Sz /C)—y'2z, £ fl(u,_v) —S(w/ D)+ u"w,.

Proof
Since Zx\i[fi(.,v) + ()'w,] is (®,,p)-univex at u for fixed v, forA > 0, we have
r =1
SO o ) ) + @] () + () ] ) -
i1 :

> Dy (z,u;(V, fi(u,0) +w,p;)) forall i=12.,.r

Equation (3.11) provides with the help of hypothesis (iii) and (3.7) with property of b,
and o,

i)\i[fi(x,v) + (2)"w,] > i)\z(fl(u,v) + u"w,) (3.12)
t'w, < S(z / C)), i=12,.,.,r and from (3.12), then
Z)\fmv _{Z)\ (u,v) + u ’w)} Sz /C) (3.13)

Now, f(z,.)—(.)"z is (2,, p) pseudounicavity assumption at y for fixed z, forA > 0, we
have,

ZT:Aibl(fv, y,u,0) {0 [ fi(z,0) = (0) 2] = [f(z,9) + @) 2]} £ B(2,4:(V, [ (2,9) — 2,p,)) (3.14)
affd hypothesis (iv), (3.2) with property of b and v, it implies that
SAf(n) - (075 € AL (E9) - o"z) (3.15)
and v"2,< S(v / D,), z‘:1,2,.,.,r, -
E)\f:rv _{ZA (z,y) —y" z)}—i—S(v/Di) (3.16)

Combining (3.12) and (3.14), we get

[IA

i)\i{fi(x,y) + 8@ /C)—y"z} > i/\i{fi(u,v) —Sw/D)+v'w}. N

Remark 3.2

Following the same lines as in the previous proof, we can easily prove other variants of
Theorem 3.1 under the above assumptions, with replacement in the corresponding
conditions as below:

(1) the functions f(.,v) + (.)w; are (®,,p)-pseudounivex at .
(2) fi(z,.)—(.)z are (P, p)-pseudounicave at y .
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Now, under appropriate conditions, we state a strong duality and a converse duality
theorem relative to problems (MP) and (MD).

Theorem 3.2 (Strong duality)
Let (z/,y,\N,2/,2,,.,.,2,) be a weak efficient solution for (MP) for fixed A = A" in (MD);
assume that,

(i) The set Z/\ V f is positive or negative definite for all i = 1,2,.,.,r;

i=1

(ii) And the set [V, — zll,Vny — zQ’,.,.,Vyfr —2'] for all i =1,2,.,.,7 is linearly

independent.
Then there exist w' € R",, i = 1,2,.,.,r, such that (z/,y",\’, wll,w;,.,.,w/) is a feasible
solution of (MD), b,(z',y’,u',v") > 0,i = 1,2,.,.,r, and the two objectives have the same
values. Also, if the hypothesis of Theorem 3.1 are satisfied for all feasible solutions of
(MP) and (MD), then (z',3',\, wl/,wgl,.,.,wr/) is an efficient solution for (MD).
Proof
Let (z,y',\,2/,2,),.,.,2,) be a weak efficient solution for (MP). Then it is weakly
efficient solution. Hence, there exist a € R", 3 € R", vy € R",u € R"and n € R not all
zero and wl' € R, 1=12,.,.,r such that the following Fritz-John optimality condition
(28) are satisfied at (z',y’,\, 21/,22/,.,.,ZT/).

a,(V Af +w}) + (B —ny YNV, f)=s (3.17)
w, € R", for all i =1,2,.,.,7 (3.18)
"Tw! € S(z' / C) (3.19)

r

> ey, — NV, fo = 2]+ (8 = ny) NV, f) =0, forall i =1,2,.,.,r (3.20)

1=1

(6 — ny/)T/\'[Vy]; —2z]—p =0, foral i =12.,.,r (3.21)
ay —(B—ny )N e N, (2]), (3.22)
BTZA V,f—=2]=0 (3.23)
= ny'TZ/\/[Vyﬁ —2]=0 (3.24)
i=1
and
sTe' =0, 3.25

3.26
3.27
3.28

(a7/8787k7u7n) 2 07
(o, B,8,\, 1,m) = 0, X' >0 andp >0

o~ o~ o~ o~
—_— ~— ~— ~—

Equation (3.26) implies u = 0. Consequently, (3.21) gives
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(B = ny Y NV, £1(8 = ny') = 0 (3.29)
hence, in the view of (i),
B =ny, (3.30)
From (3.20) and (3.30) with assumption (ii), we have
a, =n\ forall i =12.,.,r (3.31)

If n=0=aoq=0p=0,p =0s=0 for all i=12,.,.,7, (&,B3,8\un)=0,n>0,
then we obtain (o, 3,8, A, it,n) = 0, which contradicts (3.28), hence n > 0.
From (3.31) X" > 0 we haveq, >0, i = 1,2,.,.,7. From (3.17), (3.30), and (3.31) we get,

oV, A +up)=s/n>0. (332
By (3.27) and (3.30), since n > 0, we have
y'=p8/n>0. (3.33)

From (3.25) and (3.32), it follows that
xlTai(va:{f; + 'ZUY}) =0.

From (3.18), (3.32), and (3.33), we know that (z/,y',\,w,,w,,.,.,w ) is feasible for
(MD). Now from (3.22) and (3.30), we obtain that

y'2l =S4y /D), i=12..r. (3.34)
Using (3.19) and (3.34), we get,
f@ )+ 8@ ) C)—y"e = fay) - S/ D)+ 2" 4],
and the objective values of (MD) and (MP) are equal.

We claim that (2/,y',\, wll,wQ/,.,.,wT,/) is an efficient solution for (MD), for if it is not
true, then there would exist (u/,v’,\,w,’,w,’,.,.,w) feasible for (MD) such that

f(u,v) = S(v/ D,)+ uTwZ. Z fl.(z/,y') — S(y' / D)+ x/Twl./, 1=12,.,.,r.

Using equalities (3.19) and (3.34), a contradiction (Weak Duality Theorem 3.1) is
obtained.

If (z/,y,\N,w/' w/,.,.,w") is improperly efficient, then for every scalar M > 0, there
exist a feasible solution (u’,v’,\’, wll,wQ/,.,.,wT,/) in (MD) and an index 4 such that

{f(uw,0) = S/ D)+ u'w} —{f(="y) = Sy / D) + 2" w]}

> M[{f,(«",y") = S(y' | D)) + a"Twi} — {f;(u,v) = S(v / D;) + uw,}]
for all j satisfying
{f,(",y) = S(y' | D;) + a"Twi} > {f;(u,v) = S(v / D;) + u'w;}
whenever
{f(u,v) = S(v/ D)+ u"w}>{f(z",y)— S/ D)+ 2w}
Since z'"w! € S(z' / C)) and y'"2/ = S(y' / D,), i =1,2,.,.,r, it implies that

{f(u,v) = S(v / D,) + u"w,} > {f(z",y") + S(x /| C,) — y'"2]} can be made arbitrarily large
and hence for X" with A/ > 0, we have
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2)\:{]2(”77)) _ S(U / DZ.) —+ uTwZ.} > i)\l-’{fi(z”y’) + S($ / CZ) - y’Tzi,} )

which contradicts the weak duality theorem 3.1. [

4. Special Cases
It has been shown in many earlier works (Chandra et al. 1985, Mond et al. 1991) that
non-smooth programming duality can be tackled by introducing quadratic terms like
(2T Az)Y?. Even in the fractional objective case, the numerator as well as denominator
can contain such quadratic terms. It is readily shown that (27Az)"? = S(z / C), where
C = {Ay :y"A <1}, and this set is compact and convex.
(i) If &(z,u;(Vf(u),p)) = F(z,u;Vf(u),C, =0 and D, =0, b =11 = I, then the
(MP) and (MD) reduce to the case dealt with by Weir & Mond (1988).
(i)  If &(z,u;(Vf(u),p)) = Flz,u;Vf(u),(z"Bax)/* = S(z/C,), where
C,={By:y"B, <1} and (2"Cx)"/? = S(z / D,), where D, = {Cyy: y"C, <1},
b =1, = I then the programs reduce to special cases dealt with by Mond et al.
(1992).
(iii)  If &(z,u;(Vf(u),p)) = Flz,u;Vf(u) (MP) and (MD), r =1, (z"Bx)"/? =
S(z /C,), where C, = {By:y"B, <1} and (z"C2)"/* = S(z / D,), where
D, ={Cy:y"C, <1}, b =14 = I, we can get the results of Chandra et al.
(1985).
(iv) I Dz, u;(Vf(u)
(v) If &(x,u;(Vf(u)

) = F(z,u;Vf(u), for p=0,b=11v% =1 (Yang et al. 2000).

P))
,p)) = F(z,u;Vf(u), b =119 =1 (Ojha and Mukherjee 2006).
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