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Decompositions of Numbers Divisible by 2, 4, and 6

Boris A. Kupershmidt
University of Tennessee Space Institute, 411 B.H. Goethert Parkway, Tullahoma, TN 37388, USA

We decompose quantum versions of numbers of the form 2mM, 4m, and 6n.
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1. A Decomposition Of General Even Numbers, Quantized

Theorem 1. For m, M € Z_,, we have:
m—1

2 My = M —ml, + [M+m] + 2)
i=1

n

L (M —m 4 2] (1)

Proof. We are going to use the general formula:

[ + [a+2] + o+ [a+2m D] = [m]fa+m-1],

fora=M-mand a=M—m+2.
Thus,

M =m]  + [M-m+2]" + ...+ [M-m+2m-1]" = [m[M—-—m+m-1]

= [mf/[M—m+m-1" (2)

(M —m+2] + o+ [M—m+2m—D + [M+m] = [m][M+1]. (3)

The RHS of (1) is the sum of (2) and (3). The useful formula
[a], + la+2]] = [2][a+1] .
returns

[l IM =1+ [m], M +1]] = [m] 2] [M], (4)

which is exactly the left-hand side of (1). W
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2. Decomposition Of Numbers Divisible by Four, Quantized
Theorem 2. For every m € Z, we have

(21, lm]y = [m—2]; + 2m] + [m+2]. ()

Proof. We are going to use the easy formula:

" + la+2[ = 2] Ta+1]. (6)
Thus,
[m =2]; + [m], = [2][m - 1], (7)
[m]; + [m+2] = [2]][m+1];". (8)
Adding up (7) and (8), the right-hand side of (5) becomes:
21 [m =1 +[m+1 = [2[7[2];[m];,

which is the left-hand side of (5). W

3. Decomposition of Numbers Divisible By 6, Quantized

Theorem 3. For every m € Z, we have

2l Bl [mly = [m =3 + 2Am =17 + 2Am +1]] + [m+3] . (9)
Proof. We are going to use the two convenient formulae:
o], + [a+2]] = [2[[a+1], Va, (10)

" + la+2[7 + [a+4] = [3][a+2],

Thus, we have:

m =3 + [m—1 + [m+1 = [3"[m 1], (11)
m =1 + [m+17 + [m+3] = B [m+1], (12)
m =1 + [m+1) = [2[[m]]., (13)

The sum of (11) through (13), which is the right-hand side of (9), gives us exactly the left-
hand side of (9). W
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